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By virtue of (1) and (2), one obtains 
af) +o ae >0 and af*) + ars <0. (k =0,1,2,...,m-—1) 


As the point (e0 ) is interior to the parallelohedron R©, we will have 
a) + aes >0O and a®) + ros <0, 


It results in that 


m-1 m-1 
Ve + yee) >0 and So (as + Saf) <0. 
k=0 k=0 

By substituting in the formula (3), one obtains 


VE), €O,.. O), Ar Av. An) > VEE), CO... GO, A), AO), AO) 


and 
V(Ei, &2, ey En) M1; r2; | An) < V(Ei, €2, aes En) is AO eae x) : 
Theorem II. Suppose that the parallelohedra R®, | ere R°-”) be contiguous by a face p(v) inv dimen- 


sions. By designating by LM, (k = 0,1,2,...,n—v) the vectors which characterise these parallelohedra, 
one will have an inequality 


V (a1, £2, 0+) Bn A1, Ady + «4, An) > V(w1, B2,-- +5 Bn, AY, AM, ..., AW), 


on condition that the point (x;) be interior to a face p(v) and that the vector [A:] is not among the vectors 
[AM], (k = 1,2,...,(n—v)). 
By supposing that A; = AM), one will have the equation 


V (a1, 22, --+,2n, A$”, AM, ..., AM) = V(w1, 2, ---, Bn, A, AM, ..., AM). 
(k =1,2,...,(n—v)) 

One will easily demonstrate the announced Theorem II by repeating the reasonings which have been 
established previously. 

The results obtained open a new way for the researches concerning the primitive parallelohedra. One can 
consider the set (R) of primitive parallelohedra under a new point of view, in knowing: 

Each parallelohedron R© of the set (R) characterised by the vector [A] presents a set of points (xi) ver- 
ifying the inequality V (ai, v2, .--,%n,A1,A2,---,An) > V(wi, 2,.--, En, xe r), vans ae for any vector 
[Ai] belonging to group G. 

We have seen in Number 32 that for the principal parallelohedron Ro of the set (R) one has 

V (ai, £2,-.-,2n,0,0,...,0) =0. 
It follows that the principal parallelohedron Ro is defined by the inequality 
V (Gi, £2, +++; ¥n,A1, A, +++ An) > 0 


which holds for any vector [A;] of group G. 
Solution of the quadratic function V (xi, £2,..-,2n,A1, A2,-+-;An) 


Suppose that the principal parallelohedron Ro is determined with the help of canonical inequalities 
aon +S ainsi >0. (k=1,2,...,0) 


Designate by [Aix] the vector which defines a translation of the parallelohedron R; to Ro (k = 1,2,...,0). 
Take two parallelohedra R;, and Ro contiguous to the parallelohedron Ro through the faces P, and P, 
which are not parallel. Put 
A=Agt rin 


and designate by R the parallelohedron of the set (R) characterised by the vector [A;]. 
The parallelohedron R is contiguous to the parallelohedra R; and Rp, through the faces which are congruent 


to the faces Py and Px. . 
One can thus form the series 
Ro, Re, R and Ro, Rn, R 


of parallelohedra which are successively contiguous. 
Let us suppose that the parallelohedron R; is determined with the help of canonical equations 


Uk [Gor + S- air(wi +AKn)) 20. (r=1,2,...,0) 
The face of the parallelohedron R; which is congruent to the face P;, will be determined by the equation 


Uk[aon + So ain (ai + Aix)] = 0. 
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It results in that the function V(x;,22,...,2%n,A1,2,---, An) is expressed by the sum 
V(@i,02,--+5BnyA1;A2,-++;An) = @ow + So ainci + UK [aon f So ain(ei =F din)| : 
In the same manner, one obtains 
V (i, £25-++)LnyA1,A2;+++5An) = Gon + Saini + Un [ax +30 aie(ei + din)| . 
By virtue of the fundamental theorem of Number 34, one will have an identity 
aon + So ainwitue [aon + So ain (wi + i) = 


aon + S QihLi + Un [aos + SO aie (ai + in)] : 
It follows that 


Gor + Uz (aon + So ain dix) = aon + un (aor + So air din) (1) 
and : 
Qik + UnGin = Gin +Undin. (6 =1,2,...,n) 
We have supposed that the coefficients aix and ain, (i = 1,2,...,n) would not be proportional , thus it is 


necessary that 
unr =1 and un, =1 
We have arrived at the following important result: 
it Any parallelohedron R characterised by a vector [X;] will be determined by the canonical inequalities 


aox +S ain(wi + Ai) > 0. (k =1,2,...,¢) 


Observe that by virtue of (1), one will have the equation 


S- Qikrin = S- Qin rik: 


In this equation, one can attribute to the indices k and h the values k = 1,2,...,0;h =1,2,...,0. 
40 
Theorem. The vectors 
[Az], [Ava], .--, io] 


form the basis of the group G. By posing 


i= b> In Aik (2) 
k=1 
where l1,l2,...,le are arbitrary integers, one will determine each vector [Xi] of the group G. By indicating 


Hed. hai, (3) 
k=1 


one will define the function V(a1, @2,.-.,;%n,A1,A2,---;An) by the formula 
V (a1, 02,---,2n,A1,A2,---,An) = 


oe n n n 

1 1 4 
y lk (Gor — 3 y QikAik + ; Gikti) + 3 ; airs (4) 
k=1 i=l i=l i=l 


Let us suppose that the formula (4) is verified by the vectors pv ] and [Aj] which are defined by the 
equations 


MO = SOM Awe and X= YoU Aiw- (@ = 1,2,---7) (5) 


k=1 k=1 


We will see that the formula (1) will also be true for the vector [A;] determined by the equations 
Nea ae 


Let us indicate by R, R® and R’ the parallelohedra characterised by the vectors [A], D7 and [Aj]. 
The parallelohedron R‘) will be determined by the canonical inequalities 


aox + D> ain(wi + AY”) >0. (k=1,2,...,¢) 


One concludes that the function V(x1,22,...,2n,A1,A2,---,An) is expressed by the formula 


V(@1,02,---,2n,A1,A2,---,An) = 6) 
VE B aarp e lg ike EU aimee eon sy AE): 
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Where the function U(«1,%2,..-,@n, X’,A5,---, X,) represents the generatrix function determined with the 


condition that the parallelohedron R‘) have been chosen for the principal parallelohedron. 
By designating 


a) = SI an and a, = So hiaie, (¢ =1,2,...,n) (7) 
k=1 k=1 


one will have, by virtue of the supposition made, 

V (a1, £2,..-,2n, r{), x wai 0) — 

Wier le (aon — 3 Do aindse + Dasnes) + 3 ayy”, 

U(a1, €2,.--,2n,',r9,---5 Xn) = 

ie (aos + Yair — 5 ainrin — YL aiees) +5 air. 
Let us put 
ye =I +. (k =1,2,..-,0) 
By virtue of (6) one obtains 
V(w1,€2,--+,%n;A1,A2,---)An) = oe (aox — 4) aindiw + Yo aunxs) (8) 
$3 aA + 2 at + Dogar Doe Bin AD”. 


; Safa + ; So aid + ‘s 3 Higley: (9) 


k=1 i=1 


Let us examine the sum 


By virtue of (5), one will hve 


S ain, dO => 3 ainl ih: 


i=l h=1 i=1 
We have seen in Number 39 that és ” 
S- QikrXin = S- Qin Aik, 
i=l i=l 
therefore > Ao es 
be ainr” = PS ye and” rin 
i=l h=1 i=1 
and, because of (7), this becomes 
n n 
3s aind® = by a Nin. 
i=l i=l 


It follows that 


> dink rl”? = Sal di. 


k=1 i=1 
By virtue of (7), one will also have 


oc n n 
FS Sretin® = rain” 
k=1 i=1 i=1 
One can therefore present the sum (9) under the form 


151. 42 Saint Oo ala” 


k=1 i=1 


1 
= 5 (Laas Naa + Loa” + Dax) 
1 
= 5 (a? +a) +2). 
As 
a +a, =a; and M0 4% =X, 
the formula (8) can be written 


V (01, @2,-.-,4n,A1,A2,---,An) = 


ye (aos - 5 tint + a) + > yrs 
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It is easy to verify the formula (4) in the case 
NS ie RST ee) 


This results in that the formula (4) holds for any vector [\;] belonging to the group G. 
Theorem II. The group G possesses a basis formed of n vector 


[wai], [m2], ---, [men]. 
By putting 
n 
d= Solemn (11) 
k=1 
where J), l2,...,l, are arbitrary integers, one will determine each vector [Xi] of the group G. By indicating 
n 
V (01, 02,--+,2n, 71, 72,---,7m) = Por + >" pees, (k =1,2,...,n) 
i=l 
and 
n 
a= So lepie: (12) 
k=1 


one will have the formula 
V(a1,22,-. ++) Xn, A1, A2,---,An) = 


n n n n 
al 1 
2 ly (r a) > PikTik + ) pus + 3 ) airi- 
= = ae = 


One will easily demonstrate Theorem II introduced with the help of the formula (4). 
Let us notice that the sum > a;\; presents, by virtue of equation (11) and (12), a quadratic form of 


integer variables 1, l2,...,In 
> aii = S- x Arnleln, 


k=1 h=1 
where one has put 


n n 
1 1 
Asn = 5) pistin + 5 > DinTik, (K=1,2,...,n;h=1,2,...,n) 
i=l i=l 


We will see that the quadratic form }* > Agalkda obtained is positive. 


Theorem I. Any primitive parallelohedron possesses a centre. 
Designate by (¢;) the point satisfying the equations 


n n 
1 
Por — papain +) pan =0 (k=1,2,...,n) (1) 
i= i= 


I say that the point (¢;) represents the centre of the principal parallelohedron Ro 


To demonstrate this, put 
n 


A= ON? mie: eS 120.8) 
k=1 
By virtue of Theorem II of Number 40, one obtains 


V(@1,2,--+,; En, AtpyA2hs+++s Anh) = 
n 
h 1 1 h h 
a ) (Por = 5 Pin tin +> pies) ae pe (pad 4... + pint! ) Nih 


i=1 
On the other hand, by virtue of the definition established in Number 32, one has 
V (a1, €2,--+,€n;Atn; Adn,+ ++; Ann) = Gon + So ainwi 
It follows that - 
am = > pia, (k= 1,2,--4,0) (2) 


k=1 


“ 1 1 
aon = ye (vok a) > Penn) + a So aindin (h = 1,2,...,¢) (3) 
k=1 


and 
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Multiply the equation (1) by (i) and by attributing to the index k the values 1,2,...,n, add the 
equations obtained, it becomes, by (2) and (3), 


1 
don 5 > aindin +) ings = 0(h =1,2,...,0) (4) 


That posed, take any one point (x;) belonging to the parallelohedron Ro . 
For the point (¢;) to be the centre of the parallelohedron Ro, it is necessary and sufficient that the point 
(x) determined by the equations 
x, = 2¢;— i, (i =1,2,...,n) (5) 


also belongs to the parallelohedron Ro . 
By virtue of the supposition made, one will have the inequalities 


don +) anni > 0. (h=1,2,...,0) (6) 


By noticing that by (4) and (5) 


t 
Gon + ) QinL; = —Qon — ; ain (wi — Ain) 


—aon — yi ain(ti — Ain) > O 


is found among the inequalities (6), one obtains 


aon + D> aint > 0. (h =1,2,...,¢) 


and that the inequality 


It is therefore demonstrated that the point (€;) represents the centre of the parallelohedron Ro. 
Let us notice that the centre (&;) is interior to the parallelohedron Ro. 
To demonstrate this, let us suppose that a point («;) is interior to the parallelohedron Ro. 
One will have the inequalities 

don + > ainsi >0. (h=1,2,...,¢) 
Among these inequalities can be found the inequalities 

—aon — So ain (ai = Xin) > 0. (h = 1, 2: ee a) 
By taking the summation of these inequalities, one obtains 
S- ain din > 0, (h = 1,2,...,¢) 


and, because of the equation (4), it becomes 


aon +S ainki >0. (h=1,2,...,¢) 


42 
Theorem II. The quadratic form 
n 
Sowa + pialo +... + pinln) (mails + mile +... + Tinln) 
i=l 
Apply Theorem I of Number 37 to the centre (¢;) of the principal parallelohedron Ro, one will have the 
inequality 


V (01, G2) +++ Gny At; A25-++;An) > 0, (7) 


whatever the vector [\;] of the group G may be, the vector [0] being excluded. 
By virtue of Theorem II of Number 40 and, [by virtue] of the equation (1), it becomes 


1 
P(C1, G2,-+ +5 Gny Aa, Ady. +5 An) = 3 Soak +...+ pinln) (mah + ...+ Tinln) 
and, from (7), one finds 
S- (pila + pial +...+ pinln) (mail + Tiale +...+ Tinln) > 0 


The inequality obtained holds, whatever the integer values of the variable 11, l2,...,ln, may be, the system 
l, = 0,l2 = 0,...,ln = 0 being excluded. 
Continuous group of the linear transformations of the primitive parallelohedra 


43 
Applying a linear transformation of the principal primitive parallelohedron Ro with the help of a substi- 


tution 


n 
t . 
Li = ait Qnty, (6=1,2,...,7) 


k=1 
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with any real coefficients and of the determinant which does not vanish. 
One obtains a new primitive parallelohedron R’ which will be determined with the help of the canonical 
inequalities 


n 
aon + Yoana, > 0, (h = 1,2,...,0) 
k=1 


where one has put 


nr nr 
I = rs — 1 
Aon = Gon + ) GinQi0, Akn = > GihQik (1) 
j=l j=1 


(k= 1,2,...,h;h=1,2,...,0) 
The group G’ of vectors corresponding to the parallelohedron R’ obtained will be determined by the 
equations 


di = Soainds; (2) 
k=1 


on condition that the vector [\;] of the group G corresponds to the vector [j] in the group G’ . 
Designate 


n 
V (a1, ©2,---,2n,A1, A2,---;An) = pot ) pili 
i=1 


and 
n 
Vai, 295-+- Bay AtyAds-+-y An) = BO+ > pis 
i=1 


By virtue of the formula (4) of Number 40 and [by virtue] of the equation (1) and (2) one obtains 
n n 
Po = po + y p + iio, Dk = Spices (k =1,2,...,n) 
i=1 i=l 


Of which result [7;] and [zj] being any two corresponding vectors, one will have 
n n 
Sopini = > pin! (3). 
i=1 i=1 


Theorem. The quadratic form 


Sod Arnlila = S (wah + pialo +...4+ pinln) (mah + male +...+ Tinln) 
k=1h=1 i=l 


Carry out a transformation of the primitive parallelohedra of the set (R) with the help of a substitution 


n n 
1 
pok — pier + Spins =a, (k=1,2,...,n) 
i= 


i=1 


One obtains a set of the primitive parallelohedra (R’). 


The corresponding value of the function V(x}, v2, ..., 2%, 1, A2, ---;An) for the set (R’) will be expressed 
by the formular 
n 1 n n 
V(ai, Lo, Hay 25 1b % ey Xn) = Be + po Lastly . 
we wel1lj= 


By virtue of the theorem Number 38, the principal parallelohedron of the set (R) will be determined by 


the inequalities 
1 n 
3 S- S Aiglihy + SClixi 20 
i=1 


which hold, whatever the integer values of I1,l2,...,l, may be. 
The various parallelohedra of the set (R’) will be determined by the inequalities 


; S- s Agglily + S- lai > ; S- S- Ag he + s 1 x, (4) 


Each parallelohedron of the set (R’) will be characterised by a corresponding system (i ) of integers 
Ae | ee 

Observe how one could replace the base of the group G formed of n vectors by another base also formed 
of n vectors, these two bases will be equivalent, by virtue of Theorem III of Number 11; the corresponded 
positive quadratic form > >> Aijlil; will be replaced by an equivalent form; the inequalities (4) define 
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within this case the set of the parallelohedra which can be transformed as the set (R’) with the help of a 
corresponding linear substitution on integer coefficients and of the determinant +1 . 

The following remarkable theorem is thus demonstrated. 

Theorem. By applying the linear transformation of a primitive parallelohedron with the help of the sub- 
stitutions in some real coefficients which form a group continuous for linear substitutions, one obtains a set 
of primitive parallelohedra which is perfectly determined by a class of equivalent positive quadratic form, on 
condition that one does not consider as being different the quadratic forms with proportional coefficients. 

We have seen how any positive quadratic form defines, by the help of the inequalities (4), a set of congruent 
parallelohedra which can be primitives or not. 


Section, ITI 
Solution of the parallelohedra with the aid of positive quadratic form 


Definition of the convex polyhedron corresponding to a positive quadratic form 
Let eid 108 xia; be an arbitrary positive quadratic form in n variables 21, 22,...,¢n . Imagine a 
set R of points (ai) satisfying the inequality 


wee + Sais >> 0, 
i=1 


i=1 j=1 
whatever may be the integer values of #1, %2,...,2n - 
By virtue of the definition established, the set R enjoys the following properties: 
1. The set R is in n dimensions 
2. The point (0) represents the centre of the set R 


3. The set R is convex. : : 
Take we a system of arbitrary parameters €1,€2,...,€n and examine a vector g composed of points (a;) 
which are determined by the equation 


ai = pe where p>0 
It is easy to demonstrate that there exists an interval 
0<p<po where po>0 

which correspond with the points of vector g belonging to the set R . 

By posing 

Qi0 = Poei, 

one obtain a vector [aio] the points of which belong to the set R. The point (aio) belongs to the boundary 
of the set R, that is to say: the point (aio) satisfies the inequality 


> agacay +25 ° aioxi > 0, (1) 


whatever may be the integer values of 1, %2,...,2n and satisfy at least one equation 
Sod - aislidy +2 S— aioli = 0, (2) 
l1,lo,...,ln being the integers which do not vanish. 
Designate a 
Qi = —Ai0 — Sauls, (@=1,2,...,n) (3) 
j=l 


one will have, by (2), the equation 


S- >) ages; + 236 ani = > So ais (l; — i)(y — 43) +2 So aio (li — xi) 


and, by virtue of (1), one obtains 


Sod ag sie; +2 SO aii > 0, (4) 


therefore the point (a;1) also belongs to the set R . 
By adding the inequalities (1) and (4), one finds, from (3), 


Sd ages; _ Sod agjaely > 0. 


The inequality obtained holds, whatever the integer values of 71, 2,..., £n; this inequality can be written 


So auhts < Sod auth — 2a;)(lj — 22;) 


One concludes that the system (J;) is nothing but a representation of the minimum of the positive quadratic 
form )> >> aijzizj; determined in the set composed of all the systems of integers which are contiguous to 
the system 1; with respect to the modulo 2. 

The number of such systems is finite. Suppose that all these systems form a series 


(li1), (liz), .- +5 (lic) (5) 
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Theorem. The set R presents a convex polyhedron determined with the aid of the inequalities 


SS aijlidje +250 olin > 0(k =1,2,...,0) (6) 

By virtue of the definition established, each point (a;) of the set R satisfies these inequalities. Suppose 

that a point (a;) satisfying these inequality does not belong to the set R. One will determine in this case a 
positive value of the parameter p in the interval 0 < p < 1, such that 

a) =pa; where0<p<1, (7) 

one obtains a point (a ) belonging to the boundary of the set R. The point (a) will satisfy, as we have 


seen, an equation 
Sy aehty +25 0 ah, =0 (8) 


characterised by a system (1;) belonging to the series (6) . 
By virtue of the equation obtained, one has 
Soh <0 


So aili <0. 
By presenting the equation (8) in the form 


Sag hity + 25° ails =2(1- p) > ali, 


SoS aislily +25 — ails <0, 
which is contrary to the hypothesis. 


Independent inequalities which define the convex polyhedron corresponding to a positive quadratic form 


and, by (7), it becomes 


one will have the inequality 


It may be the case that among the inequalities (6) of the previous number there are independent inequal- 
ities. Suppose, for example, that the inequality 


S- So asjlil; +2 y5 ail; > 0 (1) 


ve dependent. One will have in this case an identity 
ye yy ajglil; +2 yy ail, = pot Spe 6s S- Aijlinlje + 2 a aslik) (2) 
k=1 


po>0, per>O0, (K=1,2,...,0). 
We have seen in Numer 45 that the inequality 


>> agasay; = >> > aexily >0 


holds whatever the integer values of 41, %2,...,%m may be. 
By making in the identity (R) 
1 
w= — 5 > aig, 


pot S> pe 2 So ais liedjx = di autads) =0 
po = 0, pe (So Do asstantix = Yd aistieds) = 0 (k =1,2,...,¢) 


By supposing that px 4 0, one will have 


S- So aislindjn — Sod aastents =0 
Saag tity = S> YS aig (ls — 2k) (yj — Dyn). 


By virtue of the equation obtained, the system (J; — 2s;,) is in the series (5) of Number 45. This is a 
condition necessary for the inequality (1) to be dependent. 


So do ashets +25¢ ail: >0 (3) 


where 


one obtains 


and consequently 


thus 


Theorem. For an inequality 
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to be independent, it is necessary and sufficient that the quadratic form )_ > ayia; does not possess as 
two minimum representations (li) and (—l;) in the set composed of all the systems of integers which are 
contiguous to the system (li) with regard to the modulus 2. 


We have demonstrated that the condition studied is sufficient. It remains to be demonstrated that this 
condition is necessar. : . a . 
Let us suppose that the inequality (3) is independent. In this case 


So do aishity + 23° aili =0 


defines a face P in n — 1 dimensions of the polyhedron R. 
Let (ai) be a point which is interior to the face P. One has the inequality 


S- >) again + 23 aw > 0, (4) 


whatever the integer values of x1, 22,...,2%n may be, the two systems (0) and (li) being excluded. By 
putting, as we have done in Number 45, 


a = ai — So aighy, (5) 


SOY. aijwie; + 23° aia >0 (6) 


which holds for any integer values of #1, 22,...,%n, the two systems (0) and (J;) being excluded. By adding 
the inequality (4) and (6) one finds, by (5), 


So ag asay _ So aijeil; >0 
> aah; < Saath — 2u;)(l; — 2a;). 


The inequality obtained holds for any integer values of #1, %2,..., Zn, the two systems (0) and (d;) being 


excluded. 
The theorem introduced is thus demonstrated. ret : ; 
Corollary. The number of the independent inequalities which define the polyhedron R corresponding to a 


positive quadratic form can not exceed the limit 2(2" — 1). 
Set (R) of parallelohedra defined by a positive quadratic form. 


one will also have an inequality 


in other words 


Theorem. Let us suppose that the convex polyhedron R corresponding to a positive quadratic form 
>> do aijxixy is determined with the help of the inequalities 


S- So aijvin; + 23 avi > 0. 


By applying the translations of polyhedron R the length of the vector determined by the equations 


ds = — Do aggls, 


11, l2,...,ln being the arbitrary integers, one will make up a set (R) of congruent polyhedra which uniformly 
partition space inn dimensions. 

Let us indicate with R’ the polyhedron which are obtained with the help of a translation of the polyhedron 
R the length of the vector [\;]. The polyhedron R’ will be determined by the inequalities 


Seales +2 ee! + aie > 0. 
i=1 j=l 


i=1 j=1 


This inequality can be written 


Sod aa (i +5 +4) +250 nla th) > 7 Yd aaghidy +20 anils. 


One concludes that the polyhedron R’ will be determined by the inequalities 


Sd aijaea; + 26 aii > SoS. asslity + 23° aili (1) 


which hold, whatever the integer values of variables 11, %2,...,£, may be. 

One will say that the polyhedron R’ congruent with the polyhedron R is characterised by the system (li). 

Let us indicate by (R) the set of all the polyhedra congruent to polyhedron R and which are characterised 
by the various systems (1;) of integers. 

I argue that the set (R) uniformly fills the space in n dimensions. 

Let us take an arbitrary point (a;) in the space in n dimensions and find the polyhedron of the set (R) of 
which belongs the point (a;). In this effect, determine a minimum representation (1;) of the form 


S- SY ayes; +2 So asi 
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in the set E composed of all the systems (x;) of integer values of the variables 11, r2,...,%n. 
One will have the inequality 


SY aise; + 20 aii = Sd aust; + 23° aili 


which holds in the set E. As a result, the point (a;) belongs to the polyhedron of the set (R) characterised 
by the system (J;). 
Let us suppose that the point (a;) belongs to the various polyhedra of the set (R): R, R’,...,R™ 
characterised by the systems 
(i), (lit), -- +, (lin)- (2) 


By virtue of (1), one obtains the inequalities 


SY. aisliedjn +250 ailix = SoS ais lily +25 ° ali. (3) 


It follows that one will have the inequality 


Yd ayase; + 23° avi > Soe aistily + 25° ails, 


for any integer values of 71, 42,...,2n, the systems (2) being excluded. 

One concludes that the point (a;) is interior to a face common to the polyhedra R, R’,..., R™ and defined 
by the equations (3). 

We have arrived at the following result: Every positive quadratic form defines a set (R) of congruent 
parallelohedra which can be primitive or not. 

Algorithm for the search for the minimum of the form \\ > aijxixj +2 5° aux: in the set E. 


Let us suppose that one had determined the independent inequalities 


SoS aijliedjx + 230 ailje >0 (k = 1, 2, eat ,o) 


which define the parallelohedron R corresponding to a positive quadratic form )> > aijxia; 
With the help of the systems 
(li1), (liz), .--, (lie) 


of integers, one can resolve many problems of the arithmetic theory of positive quadratic form. 
We seek, for example, the minimum of the form 


> d ayaia; = 25 aszs (1) 


in the set EF composed of all the systems (#;) with integers, a1, a2,..., @» being arbitrary parameters given. 
The values of #1, %2,...,%n which correspond to the absolute minimum of the function (1) verify the 
equations 


n 


S caine: + 0% =0 (k=1,2,...,n) 
i=1 
We designate by (&) the point verifying these equations. By posing 
& =h+nr 


we determine the integers J), l2,...,J, under the conditions 
1 . 
Iril <5 (i =1,2,...,n) 


In the case r; = 0(i = 1,2,...,) the system (i;) is the one we have sought. We suppose that all the 
numbers r; (i = 1,2,...,) do not vanish. We pose 


n 
a) =; + Scaisl; 
j=l 


and examine the point (a) : 


Let us suppose that the point (a;) belongs to the parallelohedron of the set (R) which is characterised by 
the system (J;), therefore the system represents the minimum of the form (1) . 


In the case where the point (a) does not belong to the parallelohedron R, we determine a value po in 


the interval 0 < po < 1 of parameter p, in the manner such that the point (poo) belongs to a face of the 
parallelohedron R . Suppose that this face be determined by the equation 


S- So aislindjn +2 So ailin =0 


One will have an equation 


S- > asjlindyn + 2p0 So aflin =0 where 0< po <1 
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Let 
n 
! 0 
a; =ai t+ ) aig lyn 
j=l 


and examine anew the point (aj) and so on. I say that one will always determine a representation of the 
minimum of the form (1) by repeating many times the procedure explained. To demonstrate, suppose that 
one had determined with the help of the algorithm shown a series of points 


(a) sla) ones (aR? dices (2) 
(0) 5 (0) gy (1) 


n 
j=l 


and a series of systems 


verifying the equations 


and the equations 
So ais +257 prof =0 where 0< pe <1 


(k = 0,1,2,...) 
By virtue of these equations, one finds 
So ahh +25 af <0 (k= 0,1,2,...) (4) 
By designating 
mbt +---+1) (b= 1,2...) (5) 
and 
mi =); ’ 
one obtains, from (3), 
n 
of) =a + aim) (k= 0,1,2,...) (6) 
j=l 


By substituting in the inequality (4), one gets 
Yo Doas (AY +m) (4? +m) +20 a (0 +m”) < 
YE s aij mm” +2 y aim") 


This inequality, by (5), can be written 


SS aigmst mk +1)+2 > dimitt< oe aigmm) +2 S- dim\*) 
(k =0,1,2,...) 
The number of the systems (m*)) of integers verifying these inequalities is limited. One concludes that 
the series of points (2) will always end by a point (aS*?) belonging to parallelohedron R . By virtue of the 
equation (6), the system (m‘) represents the minimum of the form SS Yo aiyxixy + 25> aia; in the set 
E. The problem described comes down to the search for all the parallelohedra of the set (R) which are 


contiguous by a face in the interior of which the point (a$*)) is to be found. One will determine all these 
parallelohedra by successively determining the parallelohedra which are contiguous to R through the faces 
in n — 1 dimensions and so on and so forth. 

Properties of the systems of integers which characterise the faces inn—1 dimensions of the parallelohedron 
corresponding to a positive quadratic form 


Suppose that the systems 
+(Ui1), +(k2), Sty +(k7) (1) 
characterises the faces in n — 1 dimensions of parallelohedron R corresponding to a positive quadratic form 


) ) Qijg Lik; 


Theorem I. The elements lik, lok,...,lmk of any system (lin) belonging to the series (1) have no common 
divisor. 
We have seen in Number 45 that the numbers [1k, lok, ...,lnk verify the inequality 


So > asain; _ SoS aiswiljs >0 


li, = 6ti where 6>1 


in the set E. By letting 


411 


412 
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and by putting x; = ¢; in the previous inequality, one gets 


SY. aistit; = 5D” >. augtits >0 


and it is necessary that 6 = 1. 


Theorem II. Suppose that n systems 
(pit), (pi2), +5 (Pin) (2) 


represent n consecutive minima 
Mi < Mo <...Mn 


of the positive quadratic form )~ )~ aijxia;. All the systems (2) are in the series (1). 
By virtue of the definition for the system of n consecutive minima, one will have an inequality 


Mr = SS. aispinpix < So > ayaia; (k =1,2,...,n) 


as long as all the numbers 21, #2,...,%n can not be presented in the form 


k-1 
M;, = ; Urpir , 
r=1 


the system (0) being excluded. 
Suppose that the system (p;,) does not belong to the series (1). In this case there exists a system (¢;) of 
all the numbers verifying the inequality 


S- So aijpinpin 2 S- So ais (pik — 2ti) (pix — 2t;) 


Gi = Pik — bi (3) 
one presents the previous inequality in the form 


ss S- aijtity + x > ij UO (4). 


By supposing that the two systems (t;) and (q;) are different from the system (0), one will have, by virtue 
of the inequality obtained, the equation 


On letting 


k-1 k-1 
i= UrDr, d= ; Urpir 
r=1 r=1 


and, from (3), it follows that 
k-1 
Pik = Sour + up )pir - 
r=1 


The equations obtained are impossible, since otherwise the determinant of n systems (2) would vanish, 
which is contrary to the hypothesis. 
As a result, the inequality (4) does not hold at condition where either 


t=0 or t =p (=1,2,...,n) 


It is therefore demonstrated that the system (pix), (k = 1,2,...,n) belongs to the series (1). 

Corollary. All the representations for the arithmetic minimum of the positive quadratic form ). >> aij xix; 
are within the series (1). 

Theorem III. The numerical value of determinant of any n systems which belong to the series (1) is less 
than n! 

Choose any n systems in the series (1) 


(lit), (diz), -- +, Lin) 


which the determinant +w does not vanish. Let us indicate 
in i 
a?) = 5 tuslix and aij, = 5d tislie (kK =1,2,...,n) (5) 
j=l j=l 


By virtue of the inequalities 


So > aisaia; + SS aisailjn >0 (h=1,2,...,7) 


which holds in the set E', 2n points (5) that belong to the parallelohedron R corresponding to the quadratic 


form >> > aijriz;. 
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Let us choose any n points among 2n points (5), making sure that two points corresponding to the same 
index k value are not among the ones chosen. One forms in this manner 2n systems composed of n points 


(a!) ) ; (af, ) watts (a?) ) @iieriyeces (cin, ) 


hi, ho,...,hn being any permutation of the indices 1, 2,...,n and w=0,1,2,...,n. 
We designate, to summarise, 


h h 
aly? = ne (k= 1,2,...,p) al) = Ding (6) 
(k= ptl,...,nj;h=1,2,...,2”) 
and examine a simplex K, determined by the equation 


n n 
“w= Sonal where Soo: <1 and J; > 0 (k =1,2,...,n) 
k=1 


k=1 


All the simplexes K;,, (h = 1,2,...,2”) belong to the parallelohedron R. Any point (a;), which is interior 
to a simplex K;,, does not belong to any other simplex of the series formed. This results in an inequality 


3) dxidx2---d&tn, 2) dxidt2--:dty, (h=1,2,...,2") (7) 
np? (Kn) (R) 
54 
On designating by D the determinant 
ail ai2 --- ain 
D = . . ss . 
Anl Gn2 +++ Ann 


of the quadratic form )* )¢ aijaia;, one has by virtue of (5) and (6) 


/ dzidx2---dtn = =. = 
(Kn) % 


and the inequality (7) gives 


<p < i dzidz2---drn (8) 
n! (R) 


This established, we observe how the group G of vectors corresponding to the parallelohedron R possesses 
a basis formed by n vectors 
[aia], [aia], -.-, [ain] - 


By virtue of Theorem III of Number 11, it follows that 
/ daidt2---dtn =D. (9) 
(R) 


By substituting in the inequality (8), one would obtain 


w<n 


§ D.4 G. F. Voronoi, 1909 


New application of continuous parameters to the theory of quadratic form. 


; eo Second Memoir i 
Studies on the primitive parallelohedra by Mr. Georges Voronoi in Warsaw 
. ; Second Part | ae 
Domains of quadratic forms corresponding to the various types of primitive parallelohedra 
Section IV 
Various types of primitive parallelohedra 

[Journal fiir die reine und angewandte Mathematik, V. 136, p. 67-181, 1909] 
[translated by K N Tiyapan] 


On the number of faces inn —1 dimensions of primitive parallelohedron. 


55 
Theorem. The number of faces inn—1 dimensions of a primitive parallelohedron is equal to 2(2” — 1). 


Let us suppose that a primitive parallelohedron R corresponding to a positive quadratic form )> > aij via; 
is defined by the independent inequalities 


Sod aisbiedje 25° olin >0. (kK =1,2,...,7) (1) 


We have seen in Number 48 that any system 
(lig; loe,---;lnk), (K = 1,2,...,7) (2) 
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represents the minimum of the quadratic form )~ )~ a;;2ix; in the set composed of all the systems of integers 
which are congruent to the system -(Jiz) with respect to the modulus 2. The form }> >> aijzizj; possesses 
in this set only two minimum representations +(1;,). 

Let us divide the set E, composed of all the systems (a;) of integers v1, %2,...,%n, into 2” classes 


Eo, Fi,...,Em where m=2"—-1 


with regard to the modulus 2 and suppose that the set Eo is composed of systems the elements of which 
have the common divisor 2. 


All the systems (2) do not belong to the different sets 
E\, Eo,...,Em where m= 2” —1. 


It follows that 
r<2"-1. 


I argue that r = 2” — 1. Let us suppose that among the systems (2) there are not found the systems 
belonging to a set E and we determine the minimum of the form 5 > aijaizj in the set Ep. Let (1;) be a 
representation of this minimum. 

Let us indicate by 

(a1), (Qi2),---, (Qs) (3) 
the vertices of the parallellohedron R defined by the inequalities (1) and examine the values of the func- 
tion )> > aijlily + 2° ail; which correspond to the different vertices (3). Let us suppose that the sum 
> Yo aijlily + 2° inks be the smallest one. 

By virtue of the supposition made, one will have the inequalities 


ys y aig ll; +2 a airl; > s So aiglilj +2 S- ainl;. (r Sh 2 aks s) (4) 
By noticing that each point (a;) belonging to the parallelohedron R can be determined by the equalities 


a= So Provir where Soo = landdv, > 0,(r =1,2,...,8) 


r=1 


one will deduce the inequalities (4) an inequality 


S> aijlil; + 2 Se aili > S- Si assy +2 So oinli 


which holds for any poit (a;) belonging to the parallelohedron R. The system (J;) which represents the 
minimum of the form )> )~ ai;zix; in the set Ep verifies the inequality 


oY agace; = >> > egal; >0 


in the set E. It results that the point 
n 
1 
ele X argh; 
= 


belong to the parallelohedron R. By making in the inequality (5) a; = &, one notices 


So agility +2 So indi <0. 


The vertex (aj) of the parallelohedron R verifies the inequality 


So ag hits +2 So ainli 2 0, 
So ashets +2 So ainli =0. (6) 


This stated, let us notice that the vertex (a;k) of the primitive parallelohedron is simple. 
Let us indicate by 
Sy wale ne +2 Yo ast? =0, (r=1,2,...,n) 


n equations which define the vertex in the parallelohedron R. As the vertex (aix) is simple, one will have 


an inequality 
S- S- QigLit; +2 S- aRti > 0, 


whatever the integer values of 21, %2,...,%n may be, the system (0) and the systems 


CP ile (7) 


being excluded. By virtue of the equality (6), the system (J;) is found among the systems (7) which all 
belong to the series (R). 
It is therefore demonstrated that 


therefore it is necessary that 


ae? eee | 
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and that the number of faces in n — 1 dimensions of the parallelohedron R is equal to 
Qr = 2(2" —1). 
Definition of the type of primitive parallelohedra. 


Let us examine a primitive parallelohedron R determined with the help of independent inequalities 


SY. aislindin + 23° ailix > 0. (k =1,2,...,0 where o = 2(2” _ 1)) 


Let us indicate with 
(a1); (Qu2),-- + (Gis) 
the vertices of the parallelohedron R. One will determine with the help of equations 


D> ae +2. cual =0. (r= 1,2,...,0, 8 = 1,2,...,8) 
Each vertex (aiz) (k = 1,2,...,8) is characterised by n systems of integers 
GD) GP) OP), (R=12--58) (1) 


the determinant +w, of which does not cancel each other out. 
Let us indicate, to make short, n systems (1) by a symbol 


{1}; 
All the vertices of the primitive parallelohedron R will be characterised by a set of symbols 
COD} 0P } UP}: (2) 


This declared, let us examine another primitive parallelohedron R’ corresponding to another positive 
quadratic form 5*> )\ aj;a:a;. It can turn out that all the vertices of the parallelohedron R’ will alsobe 
characterised by the symbols (2). One will say in this case that the two parallelohedra R and R’ belong to 
the same type. 

Definition. One will call the various parallelohedra all the vertices of which are characterised by the set of 
symbols (2), “belonging to the same type.” 


57 
One can characterise a type of primitive parallelohedra in many ways. 


Let us consider a set (R) of congruent primitive parallelohedra which corresponds to a positive quadratic 
form > > aijxia;. 
All the vertices of parallelohedra belonging to the set (R) can be divided into classes of congruent vertices. 


Let us indicate by 7 the number of incongruent vertices belonging to the various classes. 
Any vertex of a primitive parallelohedron is congruent to n vertices of parallelohedron, this results in that 


S = (n+ 1)r. 
Let (ai) be any one vertex of parallelohedra of the set (R). One will define it with the help of n+ 1 


equations 
Sd aijlicje +2>— olin = A. (k = 0,1,2,...,7) 3 


(lio), (lit), ---, (lin) 
characterise n+ 1 parallelohedra of the set (R) which are contiguous by the vertex (ai). By indicating with 
(1;) a system of arbitrary integers, one will characterise by the systems 


The n+ 1 systems 


(lio + i), (lia + i), -.-, (lin + li) (4) 
all the congruent vertices of parallelohedra of the set (R). 
By attributing to the variables 1), l2,...,ln any arbitrary values, one will characterise by n+ 1 systems 


(4) a class of congruent vertices. 


One concludes this that a type of primitive parallelohedra can be characterised by 7 systems (4). 
58 
To have more convenience in the notations, let us introduce in our studies the linear functions 


u= Soha, and uz, = So laws. (k = 0,1,2,...,n) 
i=l i=1 


One will say that the symbol (uo, ui, ..., Un) characterise the vertex (a;) determined by the equations (3); 
the symbol (uo + u, wi +u,...,Un+u), u being a linear function in arbitrary integer coefficients, characterise 
a vertex congruent to the vertex (a;). 

Let us suppose that one had characterised by the symbols 


(ul, ul, ...,uX®), (k= 1,2,...,7) (5) 


T congruent vertices of primitive parallelohedra belonging to the set (R). One will say that the set of symbols 


(5) characterise a type of primitive parallelohedra. 
59 
Let us examine the faces in various dimensions of primitive parallelohedra belonging to the same type. 


415 


416 
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Let P(v) be a face in v dimensions (v = 0,1,2,...,n— 1) of parallelohedra of the set (R) defined by the 


equations 
SOY. aistindjx +2 So ailiz = yc So aistio + 25° ailio-(h = 1,2,...,n—v) 


One will characterise this face by n + 1 — v systems 
(lio), (ti1),---, (lin—v) 
or by n+ 1 — v corresponding linear functions. 
U0, U1, +++) Un—p- 
All the faces in v dimensions of parallelohedra of the set (R) which are congruent to the face P(v) will be 


characterised by the systems 
(lioli), (itl), ..., (lin—vla) 


or by the corresponding linear functions 


Uo + U, U1 + U,...,Un—v + U. 
By making, for example, 1; = —lio one obtains n — v systems 
(tir — lio), (iz — Lio), ---, (ign—v — lio) (6) 


which enjoy the following property: all the determinants of the order (n—v)? which one can form from n—v 


systems (6) do not cancel one another at the same time. Let us indicate by w\"~”) the greatest common 
divisor of these determinants. By declaring 


n—-v 
wi =D (lin — lio)&e, (7) 
k=1 
one will present a system (z;) of integers by the linear forms where &1, ,...,€,—, are integer or rational 
numbers which belong to w‘”~”) sets 
fk = Ukr tye (k=1,2,...,n—vjr =1,2,...,0"”) (8) 
where y1,y2,---;Yn—v are arbitrary integers. Among the sets (8) is found a set where J,, = 0, k = 
1,2,...,2—v and which is composed of integer values of £1, £2,..., €n—v- 
In the case w‘"-”) = 1, the equalities (7) are possible only on condition that the number 1, 2,..-, €n—v 
be integer. 


The set (8) play an important role in the subsequent studies. 

Let us indicate by the symbol o,_, the number of incongruent faces in vy dimensions of primitive par- 
allelohedra belonging to the type examined. By indicating with the symbol S, the number of faces in v 
dimensions of corresponding primitive parallelohedron, one will have a formula 


Sy =(n+1—-v)on_-,. (v=0,1,2,...,n-1) (9) 
Definition of the set (L) of simplexes characterising a type of primitive parallelohedra 


Let us suppose that n+ 1 systems 
(lio), (li), ---5 (lin) (1) 
characterise a vertex of primitive parallelohedra belonging to the type examined. 


Definition I. One will call correlative to the vertex of primitive parallelohedra characterised by the systems 
(1) a simplex L having n+ 1 vertices 
(lio), (daa), «++ 5 (lin). 


The simplex L presents a set of points determined by the equalities 


i=) elix where 59, =1 and 0, >0. (k =0,1,2,...,2) 


k=0 k=0 


Let us indicate by (LZ) the set of simplexes correlative to the various vertices of a set (R) of primitive 
parallelohedra belonging to the type examined. 

Definition II. One will say that a type of primitive parallelohedra is characterised by the set (L) of sim- 
plexes. 

One will call congruent two simplexes characterised by the vertices 


(lio), (lia), +++, (lin) and (lio +i), lia +4:),---, lin +i), 


l,,l2,...,dn being arbitrary integers. 

All the simplexes of the set (L) can be divided into classes of congruent simplexes; the number of classes 
is expressed by the symbol o, defined by the formula (9) of the previous number. 

With the help of equations 


i= > _ Salix where 5” and 3,20, (k=0,1,2,....n-v) 


k=0 k=0 
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one will determine a face in n—v dimensions of the simplex LD which is correlative to the face in vy dimensions 
of parallelohedra characterised by the systems 


(lio), (li), sey (litjn—v)- 


One concludes that the number of incongruent faces in n — v dimensions of the set (L) of simplexes is 
expressed by the symbol on_, (v = 0,1,2,...,n—1). 
As all the vertices of simplexes of the set (L) are congruent, one will declare oo = 1, and the formula (9) 
of Number 59 
S, =(n+1—-v)on_y 


will hold for the values of v = 0,1, 2,...,n, provided that one would admit S, = 1. 
61 
Theorem I. The set (L) of simplexes uniformly fills the space in n dimensions. 


Let us suppose that a point (x;) be interior to a face of the simplex L characterised by the systems 


(ea ein (2) 
One will have 
i=) — Salix where 59, =1 and 9, >0. (k=0,1,2,...,v) (3) 
k=0 k=0 


Let us suppose that the point (x;) be interior to a face in v’ dimensions of another simplex L’ characterised 
by the vertices 
(Lio); (ix), ae) (hy)- 


One can write 


! t 


wi = )_ Oli, where 5° 0, =1 and 0; > 0. a;(b =0,1,2,..-,0') (4) 


k=0 k=0 


Let )* >> aijxix; be a positive quadratic form which defines a set (R) of primitive parallelohedra belonging 
to the type examined. 

Let us indicate by (ai) and (a) two vertices of parallelohedra of the set (R) which are correlative to the 
simplexes L and L’. One will have the equalities 


J >; yy aijlinljn + 2 De ailiz = A, 
( = ey diglinlir +2 oe ail, = A’. 


(k = 0,1,2,...,n) (5) 


By putting down 
Dy So aislinljn +2 ys ailin = At pr, 
» So ais linkin +2 S- ajlin = A’ + pr, 


one will have the inequalities 


(k = 0,1,2,...,n) (6) 


pr >O0 and pz, >0. (k=0,1,2,...,n) 


From equalities (5) and (6) one derives 
A’ -A+25 (ai - ai lin = pr; 


(k = 0,1,2,...,7) 
A-A'+2S (a% — aidliz = Pre 


By virtue of equalities (3) and (4), one obtains, 
A'—A+2 So (ai — a4) Bi = SS pe: 
k=0 


A-A'+ 25 -(ai —ai)ri = So pede. 
i=0 
By making the sum of these equalities, one finds 
Se prt + So pede = 0. 
k=0 k=0 


It follows, because of (3) and (4), that 
pr =0, (k=0,1,2,...,v’) and p,=0. (k =0,1,2,...,nu) 


A417 
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let us notice that the equality py = 0 is possible only on the condition that the system (lj,,) is found 
among the vertices of the simplex L, similarly, the equality p), = 0 is possible only on condition that the 
system (l;,) is found among the vertices of the simplex L’. 

One concludes that the systems 


(lio), (li1)s-- +s (liv) (7) 


characterise a face of the simplex L and that the systems (2) characterise a face of the simplex L’. As a 
point (x;) can not be interior to two different faces of the same simplex, it results in that the systems (2) 
and (7) coincide; therefore the two simplexes L and L’ are contiguous through the faces in v dimensions 
characterised by the systems (2). 

It remains to demonstrate that any point (z;) of the space in n dimensions belongs to at least one simplex 
of the set (L). 

To demonstrate this, let us take any one point (€;) which is interior to the simplex L and draw any one 
curve C which joins the points (€;) and (2;). I say that all the points of the curve C will be situated in the 
simplexes 

BE eda b 


belonging to the set (L). In effect, let us suppose that the point (#;) not belong to the simplex L. The curve 
C will go beyond in one point (£;) the boundary of the simplex L and will pass through a simplex L’ which 
is contiguous to the simplex L through a face in any one number of dimensions and so on and so forth. 


Theorem II. A point (xi) the elements %1,22,...,%n of which are integers can be only one vertex of 
simplezes of the set (L). 

Let us notice that there exist simplexes of the set (Z) which passes the vertex (0); the number of these 
simplexes is expressed by the symbol So. 

By effecting the translations of these simplexes the length of the vector [x;], one will obtain So simplexes 
which possess the vertex (#;). By virtue of Theorem I, the point (x;) can not belong to other simplexes of 
the set (L). 

Corollary. Suppose that a point (a) the elements 11, %2,...,%n of which are integers, is not found among 


the vertices 
(lio), (li), -- +, (lin) 


“i= Sats where Soo = 1, 
i=0 k=0 


one will have among the numbers Vo, 01,.--,0n at least one negative number. 
Properties of symbols S, and oy (v= 0,1,2,...,n). 


of a simpler L. By writing 


Let us take any one positive integer m and consider a set K of points which are congruent to m” points 


G1 92 gn 
Wie Wie sey Wik 
which one obtains by attributing to the numbers gi, g2,...,9n the integer values verifying the inequalities 


O0<gn.<m. (k=1,2,...,n) 


Let us take any one point (=) of the set K and suppose that the point (=) be interior to any one face 
P(v) of simplexes of the set (ZL) (v = 0,1,2,...,n). By virtue of Theorem I of number 61, all points of the 
set K which are interior to the face P(v) can not be congruent. 

Let us indicate by 


Pp, (k =1,2,...,0,;v =0,1,2,...,n) 
the various incongruent faces of simplexes of the set (LZ) and by the symbol 
m” (k =1,2,...,0,;y =0,1,2,...,n) 


let us indicate the number of points of the set K which are interior to the face P,(v). ONe will have a 


formula 
eo =m". (1) 


v=0 k=1 


(v) 
k 


It is easy to determine the value of the symbol m,;”’. Let us indicate by 


10h)_ 40) 1) 


40 2°41 0°59 Cy 


the vertices of the face P,(v) and let us write 


vi : (k) = = 
aa where Sea and J, >0. (r=0,1,2,...,v) 
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These equalities can be written 
Bey) = ye. a) — 1), 


By indicating, to make short, 


ai — ml) =4;,, 1) —1%) =p, (7 =1,2,...,v) 


and 
MY yp = Tr; (r = 1,2,...,v) 


one will have 
Vv Vv 


t= >> Tepe where >on <m and 7, >0. (r =1,2,...,v) (2) 
r=1 r=1 


2 


Let us indicate by w; ) the greatest common divisor of determinants of the order v~ which one can form 


from v systems 

(pi1), (pi2),---, (piv) 
and suppose that the forms (2) represent the integers t1,t2,...,t,, provided that the numbers 71, 72,..., Tv 
belong to one of w\”’ sets 


Tr = Ern + Yr where Pa1 2 hE LD a, (3) 


Y1, Y2;---,Yv being arbitrary integers. 
One can suppose that 
0< En <1. (r =1,2,...,v,h =1,2,. : “fOe) 
By substituting the expressions of 7, (r = 1,2,...,v) derived from equalities (3) in the inequalities (2), 
one obtains 


Grn + yr > 0,(r =1,2,-.-,7) Do (Gen tyr) <m. (4) 
r=1 
Let us indicate 
So ern =ant&r (5) 


where the integer ap is determined after the conditions 
0<& <1 (6) 


The inequalities (4) can be replaced by the following ones: 


yr > 0, (vr =1,2,...,v) and Sour <m—an-1. 


r=1 
The number of systems (y1, y2,-.-, yy) of integers y1, y2,..., yy verifying these inequalities is equal to 


(m—an)(m+1—an)---(m+v—1—-an) 
1. Deep 


By replacing with a”) the number a, corresponding to the various sets (3), one obtains the formula 


wre v) (v) (v) 
(@) a (m= ay)(m41—af?)--- (m+v—1-a)?) 
Ne => 1-Q-.¥v : (7) 
h=1 


- (m—a\”) (m+v—1-a\?) 7 
9) 3) a eee 6 


v=0 k=1 h=1 


The formula obtained holds, whatever may be the positive integer value of m. One concludes this that 
this formula presents an identity. 


By comparing the coefficients of m” in the formula (8), one finds 


on 
we =n. 
k=1 


It follows that 
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Let us introduce in our studies the finite difference of different orders by defining them by the formula 


Be 4 
AW f(m) = 2) WG wet +») 


The formula (8) gives 
n ion wf”? ( ) ( ) 
A (mt p—al)(mtv—1-a) ayn 7 
22) —— a ge (m"). (uw = 0,1,2,...,n) 
v=p k=1 h=1 
By making m = 1 in this formula and by noticing that 


(w+ 1=ahe) + = ane) Sg 


pees eee 
since, because of (5) and (6) 
an) Sv, 
one finds és 
Soe SA Ga se Sac a) (9) 
k=1 


It follows that 
on DO GaP pei (uw = 0,1,2,...,n) 
We have seen in Number 60 that 
S,=(n+1-v)on-., (v=0,1,2,...,n) (10) 
therefore 
Sy <(n4+1—v)A% (mM) mai. (v = 0,1,2,...,7) 


Let us examine the conditions which have to be fulfilled for the symbols S, (v = 0,1,2,...,n) to be 
expressed by the formula 


Sy =(n+1—v)A%”) (m")ma1- (v = 0,1,2,.--,7) (11) 
By virtue of inequalities (9), it is necessary that 
wi) = 1. (k=1,2,...,0,;4 =0,1,2,...,n) (12) 
These are the conditions necessary and sufficient for the formula (11) to hold. In effect, in the case 
wl”) = 1, the formula (7) becomes 


me = (mav)(m+1—v)--- (m=) 
k [i Daway ’ 


and the equality (8) takes the form 


5 ee ea eed 
1-2---p 


It follows that 


n 


(m+p—v)---(m—1) () 
v —__~___* — At a 
d— eo a en (m"), 
vr=p 
and by making m = 1, one obtains 
oy =AM(m™)m=a1. (uw =0,1,2,--.,n) 


It results in, because of (10), the formula (11). 
Let us notice that the conditions (12) come down to a single condition 


On =n. 
We will see that there exists primitive parallelohedra which satisfy this condition. 
Theorem. The faces in 1, 2, 3 and 4 dimensions of simplexes of the set (L) enjoy the property that 
wiv) =1. (k= 1,2,...,0.;7 =1,2,3,4) 


The demonstration of the theorem introduced does not present difficulties. 
Corollary. The number of faces in different dimensions of primitive parallelohedra in the space of 2, 3 and 
4 dimensions is expressed by the formula (11). 
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1. By making in the formula (11) n = 2, one obtains 
So=6 and S; =6. 
2. By making in the formula (11) n = 3, one obtains 
So = 24, $1 =36, S.=14. 
3. By making in the formula (11) n = 4, one obtains 
So = 120, $1 = 240, S2=150, S3 = 30. 


By studying the primitive parallelohedra in the space of 5 dimensions, I have come across parallelohedra 
the number of faces of which is not expressed by the formula (11). 
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We have seen that, in the case wi) = 1, one has 


eg: 


It is easy to demonstrate that, in the case wi) > 1, one will have this equality for a single set (3) which 


is composed of integers; for all the sets which remain, one will have the inequalities 
2<a <y-2 (vy>53) (13) 
Let us make in the formula (8) m = 0. By noticing that 


(<af)) (1 = ah) (v= 1 ah?) 


1-2---p 0 


so long as a”) # v, one finds 
n 


So(-l)’or = 0. 


By making in the formula (8) m = —1, one obtains, because of (13), 


S(-1)"(v + Dov = (-1)". 


v=0 


By substituting in this formula the expression of a, derived from the formula (10), one will have 
Sly s.S4. (14) 
v=0 


Let us notice that the equality obtained expresses a property of faces in different dimensions of primitive 
parallelohedra which is common to all the convex polyhedra of the space in n dimensions. + By making in 
the formula (14) n = 3, one will have 

So — $i+ S2—S3 =1, 
and as S3 = 1, this becomes 
Sot S2=2+4+S}. 


This is the well known formula of Euler. { 
Regulators and characteristics of edges of primitive parallelohedra. 
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Let us examine the set (R) of primitive parallelohedra belonging to a type of parallelohedra characterised 


by a set (L) of simplexes. 
Let (ai) be a vertex of parallelohedra of the set (R) determined by the equations 


So So aijliedje +250 olin =A. (k=1,2,...,n) (1) 


The system L correlative to the vertex (a;) is characterised by the systems 


(lio), (lit), -- + (lin). (2) 

Let us indicate by (aix (k = 0,1,2,...,n)) the vertices adjacent to the vertex (a:) (Number 18). The 

simplex L; (k = 0,1, 2,...,n) correlative to the vertex (a;x) will be characterised by the systems which one 

obtains from system (2) by replacing the vertex (l:x) of the simplex L by a corresponding vertex (li,,) of the 

simplex L;. The two simplexes L and L;, are contiguous by a face in n— 1 dimensions P, (k = 0,1,2,...,7) 
which is characterised by the systems 


(lin). (k= 0,1,2,...,n:h £k) 


{¢ See: Poincaré, Sur la généralisation d’un théoréme d’Euler relatif aux 


polyédres. [On the generalisation of the theorem of Euler relative to the polyhedra] (Comptes Rendus des Séances 
de l’Académie de Paris, V. 117, p. 144) 


{ Euler, Elementa doctrinae Solidorum. (Novi Comment. Petrop. 1758.) 
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The face P, of simplexes L and L;, is correlative to an edge [a;, ain] of parallelohedra of the set (R). 
Let us indicate by 


S- pints = Se, (k= 0,1,2,...,n) 


the equation of the face P,. As one has 


S- pirlin = 5x; (h=0,1,2,...,n;h #k) 


it becomes 
S > pie (lit —lir) =0. (kh =0,1,2,...,n;7 =0,1,2,...,.uh#kir <k) (3) 
The equalities obtained define the number pix, pox, ---, Png to a common factor close by. By supposing 
that pix, per,---,Pnk be integer not having common divisor, one will determine by the equality (3) two 


systems (pix) and (—pix). One will call characteristic of the edge [a, aix] or of the correlative face P, one of 
the two systems +(p;x) likewise. 
S- pinlix F On, 


By noticing that 
one will attach, for more precision, a supplementary condition 


S> pinlix > dr. 


Definition. One will call characteristic of the face Py with regard to the simplex L the system (pix) which 
is well defined by the conditions 


S> pirlix > bk, S- pirlin =0d,. (h =0,1,2,...,n,h # k) (4) 


Let us notice that the characteristic of the face P, with regard to the simplex L, will be the system 
(—pix). In effect, one will have 
S- Dirlizn # On 


So pinlix > dp. 


In this case the two simplexes L and L; would be situated on the same side of the face P,, and one could 
find a point interior to the simplex L which would be interior to the simplex L; too, this is contrary to 
Theorem I demonstrated in Number (6). It is therefore necessary that 


S- pinlix < de, 


and the system (—p;x) presents the characteristic of the face P;, with regard to the simplex Ly. 


Let us suppose that 


One will determine the vertex (aix) (k = 0,1, 2,...,n) correlative to the simplex L, by the equations 


yy So aijlindjn + 25° ainlin =A, (h=0,1,2,...,.n;h #k) (5) 


SoS aislinlic +25 ° ainliz = Ak. (6) 


From the equalities (1) and (5), one derive 


and 


2S “(ask — ai)lin = An — A. (h=0,1,2,..., 5h # ) (7) 

As a result because of (3), one will have 
Qik — 4 = pikpe. (1 =1,2,...,n;k =0,1,2,...,n) (8) 
On the ground of the supposition made, the vertices (a;) and (aix,) (kK = 0,1,2,...,n) of primitive 


parallelohedra of the set (R) are simple. 


It follows that, 
SS SS aiglindyr +2 S- diklin >A 


2 S- aislinlitsicye +2 > Qinliz > Ap. 


By virtue of (1) and (6), one obtains 
25 (ai _ ai liz > Ax —A and 2 So (ait _ ail < Ax -A 


and 


and, because of (8), it becomes 


2Pk S- pirliz > A, — A and 2p, S- pirlix <A, —A. (9) 
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As by virtue of (7) and (8), one has 


2px > pinlin = Aw — A, (h =0,1,2,...,n;:h #k) (10) 
the inequalities (9) can be written 
2pm) pinllix — lin) > 0; 2px S > vin(lie — tin) <0. (A =0,1,2,..., 3h £ k) (11) 
By noticing that because of (4) 
YS" pie(li — tin) > 0, (h=0,1,2,..., 5 £ B) (12) 
one finds 
pr>0, (k=0,1,2,...,n) (13) 
and the second inequality (11) gives 
S-vin(lie — lin) <0, (h=0,1,2,..., mh # h) (14) 
or differently, because of (4), 
S" vielix < de, (k= 0,1,2,.--,2) (15) 
that which we have demonstrated by another method. 
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By substituting in (6) the expression of a; derived from the equality (8), one obtains 


ss So aislinlj +2 Se ailis + 2pk S- pirlix = Ap. 


One will present this equality, because of (1), under the form 


S- So aislinlj +2 So ailon— S- SS asjlinbin a Se ailiz = 
Ap — A— 2pp S- pirlix, 


and lastly, by virtue of (10), 


2p S- pir (lin —Iz,) = S- S- iglinljn +2 > alin — S- So ais ligljn — 2 SS ailiz (16) 


where h = 0,1,2,...,n,h Ak, k =0,1,2,...,n. 
Definition I. One will call regulator of the edge [ai, ain] or of the correlative face P;, the positive parameter 
pr defined by the formulae (8) and (16). 
Let us notice that on the ground of equalities (3) and (8) the congruent edges and the congruent correlative 
faces possess the same regulator and the same characteristic. 
One can determine the regulator p; by other formulae. 
Let us write 


ie = > 0G, where 50M =1. (k=1,2,...,n) (17) 
r=0 r=0 


On the grounds of equations (1) and (17), one obtains 


ye pa Oiglinljnt+2 ye alin — S- > Gijlizlj, — 2 S- ailiz = 
S- So aislinlj = sou S- > aiglinlje. 
r=0 


By substituting in the formula (16), one finds 


2pk So pir(lin — Un) = Se S- aijlinlin — 5 i*) S- >: Qiglirljr (18) 
r=0 


where h = 0,1,2,...,n;h #k;k =0,1,2,...,n. 
The formula obtained makes visible an important property of the regulator px: the regulator p, 1s expressed 
by a linear function of coefficients of the quadratic form )\ )\aiyxitj;. By writing 


pe = > pias, (19) 


one will have the rational coefficients pe = ie PS ed hI FS] 2 su 
72 
By virtue of the formula (19), the regulator px will be perfectly determined if one knows the corresponding 


coefficients py (@=1,2,...,m%7=1,2,...,n). 
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As the coefficients a4; (i = 1,2,...,n;j = 1,2,...,n) of the quadratic form S* S\aijx;a; do not play 
any role in the determination of coefficients po (@@ = 1,2,...,n;7 = 1,2,...,n) which depend only on 


the simplexes LZ and L,, one can replace in the previous formula the coefficients a;; by the coefficients 


vivj (6 =1,2,...,m;7 =1,2,...,n). 
By introducing the linear functions, as we have done in Number 58, 


Ur = So biewi, Up = So hie wis (r = 0,1, 2,...,n) 


us) and vi” (r = 0,1,2,...,n) 
the values of these functions which correspond to the values of variables 11, v2,..., %n 


v4 = Pik: (k =0,1,2,...,n) 


let us indicate by 


By virtue of (4), one will have 
u” = dbp. (h=0,1,2,...,n:h fk, uw > de) 


By virtue of (15), one will have 
vi*) < On: 
Let us notice that the numbers ¥o0,01,...,0n defined by the equality (7) will be determined by the 


equalities 
n 
Up = SM uy where ye Sh 
r=0 


By replacing in the formula (18) the coefficients a;; by the coefficients w;7;, i =1,2,...,n,7 =1,2,...,n, 
one obtaines 


2px (dx — ot") = (vg)? — >> 9h") (ur)? (k =0,1,2,...,n) 20 
r=0 


To return the formula obtained to the formula (19), it suffices to replace in the equality 


m= Pe; 


the coefficients x«;2; by the coefficients aij, 1 = 1,2,...,n, 7 =1,2,...,n. 
Fundamental transformation of the form 


>> > axes + 230 aia = > aut = 255 ands 


By keeping the previous notations, let us indicate 


Firy(1,02,---,20) = >> > ages +2>° cin — A (1) 
A=)J_ Yo aijlintjn +25 > alin. (k =0,1,2,...,7) (2) 


By introducing the variables £0, £1,...,&» after the conditions 


Li= eel where sé =1, (3) 
r=0 r=0 


one will present the function F(z) (#1, #2,---,%n) under the following form: 


n 
Fr) (@1, €2,---;%n) = S- So aijaie; - Soe Sd asstirkir. (4) 
r=0 


One concludes that the function F(z) (#1, #2,---,%n) is linear with regard to the coefficients aij,i = 
1,2,...,n,j =1,2,...,n of an arbitrary quadratic form )* > aijxia;. 
By making in the formula (1) #; = liz, one obtains, because of (2), 


For) (lik; lor, - +5 Ine) = 0. (k = 0,1,2,...,n) 


where one has admitted 


The equalities obtained hold, whatever may be the values of a;; ,7 = 1,2,...,n,j7 =1,2,...,n. 
Let us indicate by L° a simplex congruent to the simplex L and characterised by the vertices 


(lio + Ui), la + li), .--, (lin +), 


l1,lo,...,dn being arbitrary integers. 
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By noticing that because of (3) 


Lith = Seo (Ler +1;) where >o& =1, 
r=0 r=0 


one will have an equality 


Fozo) (#1 +h, we +h,...,¢n tlh) = So ais (wi +4h:)(a; +1) - > & SD ais (lie + li)(lir +4) 
r=0 


and after the reductions, it becomes 


Fix0) (x1 th,ve2+le,...,¢an4+ In) = SY aijeia; = sé Sod aglirlje, 
r=0 


therefore, because of (4) one will have 
F(x) (#1 +h,v2tle,...,an +h) = F(z) (#1, 22, sib) (5) 
By virtue of the formula (18) of Number 71, one will determine the regulator p, in the formula 
2pk S- pi (lin = lin) S Fairs lox, eee Ink): (k = 0, 1, 2, Cectaae | n) (7) 
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Let us indicate 


Fr, (@1,©2,...,%n) = 5S asgasay +20 snes — Ar, (k =0,1,2,...,n) 


L;, being a simplex contiguous to the simplex L by the face Py (k = 0,1, 2,...,n). 
By substituting in this equality the expression of ai, defined from the formula (8) of Number 70, one 


obtains 
Fr, (@1,€2,---,;2n) = SOD. auasa + 255 aa + 2pr So pina — Ar 
and, because of (1), one will have 
Fr, (@1,€2,...,%n) = Fr) (#1, L2,-+-,2n) + Wr >> pines +A— Ak. 


By substituting in this equality the expression of A — Ax given by the formula (10) of Number 70, one 
finds 


Fi, (x1, BQ,.05, Ln) = Fir (“1, BQ, -00,5 Ln) + 2pr So pir (ai _ lin). (h # k) 
This formula can be written 


F(x) (@1,22,.--,%n) = Fr, (£1, £2,...,2n) + 2pr S- pir (lin — xi). (h#k,k =0,1,2,...,n) 
The formula (*) obtained is capable of numerous and important applications. 
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Let us suppose that 21, 22,...,%n be arbitrary integers and that the point (z;) is not found among the 
vertices 
(lio), (lit), .--, (lin) (7) 
of the simplex L. By admitting 
n n 
Li= So bvlir where > & = 1; (8) 
r=0 r=0 
one will have by virtue of Theorem II of Number 62 among the numbers £o, £1,...,& at least one negative 


number. Let us suppose to fix the ideas that 
&x <0. (9) 
By noticing that because of (3) and of the formula (4) in Number 69 one has 


S- pilin — i) =, S- pir (lin — liz) 


S- pix (lin — lik) <0, (h ##) 


and that 


one obtains, because of (9), 
S- ix (lin —2:)>0. 


One concludes that the coefficient of 2p; in the formula (*) is an integer and positive in the case considered. 
In the same manner, one will examine the function Fi, (v1, £2,..., 2) and so on. 
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Let us suppose that one have examined the simplex, 


1 Be Pipes F aenae Pi2 (10) 
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successively contiguous by the faces in n — 1 dimensions the regulator of which present the function 
P11; P25+++5Pm:- 
Let us suppose that by applying the formula (*) to the simplexes (10) one have obtained the equalities 
Fy (#1, 2,...,%n) = Fy (x1, 22,...,2n) + 2h1p1 where hi > 0, 
Fy (a1, @2,.--,2n) = Fyn (x1, £2,-.-,2n) + 2hep2 where hz > 0, 


F m1) (£1, £2; +++) En) = From) (£1, £2,-+-,2n) + 2kmpm where hm > 0. 
It follows that 3 
Fy (01, £2, ---;@n) =2 9) bape + Frm) (#1, £2,-+- an): (11) 
k=1 


The procedure shown can not be prolonged indefinitely and one will always arrive at a simplex L”) among 
the vertices of which is found the point (x;). 

To demonstrate this, let us notice that the coefficients aij, = 1,2,...,n,j7 =1,2,...,n of the quadratic 
form )> >> aijxixj in the formulae obtained are arbitrary. 

Let us suppose that one have chosen the positive quadratic form )> > aijaix; which defines a set (R) of 
primitive parallelohedra belonging to the type characterised by the set (L) of simplexes. 

We have seen in Number 70 that one will have the inequalities 


pe>O. (k=1,2,...,m) 
By virtue of the definition of the function Fr(x1,22,...,%n), one will have an inequality 
Fy (x1, £2,.--,2n) > 0, 


whatever the integer values of x1, 22,...,2%, may be, abstraction made from vertices (7) of the simplex L. 
It results in 
Fpm))(@1; £2, oo -; Zn) > 0 


and the formula (11), in the case considered, gives 


Fr (x1, £2, ale ta) > 25> hepe- 


k=1 


As the coefficients h, (k = 1,2,...,m) are of positive integers and the regulators px (k = 1,2,...,m) 
belong to a series of regulators corresponding to the incongruent faces of simplexes of the set (ZL), one 
concludes that the number m can not be increased indefinitely. As a result the series (10) will be terminated 


by a simplex L“”) among the vertices of which is found the point (xi). 
It follows that one will have indentically 


Fzom))(@1, £2,---,2n) = 0, 


and the formula (11) becomes 


Fr (a1, 22,---;2n)=2 }_ haps where (k = 1,2,...,m) (12) 
[k]=1 


Let us notice that the formula obtained presents an identity which holds, whatever the values of coefficients 
aij,t=1,2,...,n,7 =1,2,...,n may be, provided that the regulators p; (k = 1,2,...,m) are expressed by 
the formula (6). 


Fundamental theorem. Let us suppose that the regulators pr (k = 1,2,...,0) corresponding to the various 
incongruent faces inn —1 dimensions of simplezes belonging to the set (L) be determined by the equations 


n n 
Pk = S70 pip ass. (k= 1,2,...,0) 


i=1 j=1 


For a quadratic form \~ * aijxia; to define a set (R) primitive parallelohedra belonging to the type char- 
acterised by the set (L) of simplexes, it is necessary and sufficient that the inequalities 


pr = >_> pi aig > 0, (k =1,2,...,0) 
hold. 


We have seen in Number 70 that the inequalities 
pr>0, (k=1,2,...,0) 13 


present the necessary conditions. Let us suppose the coefficients of a quadratic form 5 )* aijxia; verify the 
inequalities (13). By virtue of the formula (12), one will have the inequality 


Fz) (£1, £2,- . ,Zn) >0 
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so long as the point (#;) the element s of which are integers is not found among the vertices of the simplex 
L. By virtue of the definition established, the simplex L is in this case correlative to a simplex vertex (a) 
of parallelohedra corresponding to the quadratic form examined )> > aijxix;. 

The simplex L is chosen arbitrary in the set (L) of simplexes, therefore all the simplexes of the set (L) 
are correlative to the simple vertices of parallelohedra corresponding to the quadratic form )*> > aijxia;. 


I argue that these parallelohedra do not possess other vertices, it is that which one will verify without 
trouble. 


Let us notice that any quadratic form )> > aijaia; verifying the inequalities (13) is positive. To demon- 
strate this, let us examine a simplex L among the vertices in which is found the point (0). One will have in 


this case 
F(z) (#1, ©2,..-,%n) = SY aiswie; + 255 aii, 


and consequently 


Fr) (1, €2,--+;%n) + Fyz)(—%1, —#2,---, tnr)=2>_ > again; 


The two points (x;) and (—z;) can not be the vertices of the simplex L, the point (0) being excluded. 
This results in 


F(x) (#1, £2; hety En) + Fix) (-#1, THQ, +655 —£n) >0, 
therefore 
S; So aijvie; > 0, 
whatever may be the integer values of 41, %2,...,%n, the system x1 = 0,22 = 0,...,%, = 0 being excluded. 
Definition of quadratic forms with the help of regulators and corresponding characteristics. 
Let us take any one quadratic form )> > aijx;2; in arbitrary coefficients. Let us choose n numbers 
%1,22,.-.,%n which are subject to the only condition: the equality 
hite + here +...+hntn =0 
is impossible so long as the numbers hi, h2,...,hn are integers. 
Let us examine a vector g made up of points 
I 
+ + uz; where 0 <u<il, 
m 
l,,l2,...,dn being arbitrary integers and m being any one positive integer. 
The vector g will traverse a certain number of simplexes belonging to the set (L). Let us indicate by 
Io, I1,...,Ls (1) 


the simplexes of the set (LZ) which contain the various parts of the set g. On the ground of the supposition 
made, the simplexes (1) are well defined by the vector g and are successively contiguous by the faces in n— 1 
dimensions. In effect, two adjacent simplexes L;, and L,+1 of the series (1) possess a common point (fx) 
belonging to the vector g, therefore the simplexes LZ, and L,41 are contiguous by a face in any number of 
dimensions. Let us suppose that this face be characterised by the systems 


(lio); (li), $44 (liv). (2) 
As 


1; 
bik = = + uti where 0 < uz <1, 


one will have 


li . 
= i=) Orlin whi y 9, =1 9, >0. (r=0,1,2,..., 
= + Une where and >0. (r=0 v) (3) 


r=0 


By supposing that v < n—1, one wil determine with the help of these equalities a system (hi) of integers 
verifying the equation 
hiv + hoxe a sane hntn = 0, 


which is contrary to the hypothesis, therefore it is necessary that vy = n — 1 and that the point (&i) be 
interior to a face in n — 1 dimensions which is common to the simplexes Ly, and Dp +1. 

Let us suppose that v = n—1. By indicating with (p;,) the characteristic of the face (P;,) characterised 
by the systems (2) with regard to the simplex Lx, one will have, by virtue of the formula (4) of Number 69, 


S~ pielir = 5k, (7 =0,1,2,...,n 1) 


and the equalities (3) give 
i 
; pi(— + uvi) = on 
m 


Uk So pins =d6- Spa. 


and consequently 
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As >> pinti # 0, on the ground of the supposition made, the equality obtained defines a point (:,) of 
the vector g which is interior to the face P,. This results in that the vector g does not possess other points 
common to the oe P,. By attributing to the parameter u a negative variation du sufficiently small, one 


will define a point i+ (ux +du)x; of the vector g which is interior to the simplex Ly. By attributing to the 
parameter u a ganble du > 0, one obtains a point a + (uz + 6u)x; which is interior to the simplex Lx4+1. 
As in these cases one has 
YS vin( = + (uz + du)ai) > de, (du <0) 
and 
Yn + (uz + du)ai) < de, (du > 0) 


it becomes 
So pins <0. (4) 
By indicating with p; the regulator of the face P;, with regard to the chosen quadratic form )> aij xik; (k = 
0,1,2,...,s—1), let us apply the formula (*) of Number 74 to the simplexes (1). One will have the equalities 


l I l l 
i AD Pg Tag Pag 


+ 2/0 do Pio (ling — = — xi), 


l L l L 
Foy (— + @1y 005 +n) = Fe, ( + 015-05) = + tn) 


l; 
+ 2ps— >) pis 1(lin,_ 1-H): 


It follows that 


s—1 
I bn say Li 
Fie 481). + tn) = 250 pe > i= 1" pie(lin, — ao ee s 


1 1 
+ Fr, (= + 21,--.,% +2n). 


Until now, the integers l1,l2,...,l, had been arbitrary. Let us suppose that the integers 11, l2,...,In 
satisfy the conditions 
0<ik<m. @=1,2,...,n) (6) 


Let us indicate by K the set of incongruent points (4) verifying these inequalities. 

The number of points belonging to the set K is equal to m. 

Let us apply the formula (5) to all the points of the set K and make the sum of equalities obtained. One 
will have a formula 


l l 
Fotg)(= + 81) 0-3 mt en) = 


25> ped pinlling — + ai) + D> Fu, (4 + Hi,... 2 + an). 


All the sums which are formed in this formula can be determined with a certain approximation. 


(7) 


80 
Let us suppose that the simplex Lo be characterised by the systems 


(lio), (di1), -- + 5 (lin). 


On the ground of the supposition made, the point (4 ) belongs to the simplex Lo. As there exist only a 


finite number of simplexes of the set LZ to which belong the points (4+) verifying the inequalities (6), one 
concludes that one can determine a positive parameter A in such a manner that the inequalities 


llin] <A G=1,2,...,n;k =0,1,2,...,n) (8) 


holds. . : : 
In this case, the corresponding value of the function 


l l l 
F(t) (4401, 2 +22,...,2 +20) 
m m m 
can be presented under the form 


l 
F(t) (A401... +2) = Sod aisainy +60 +d iwi 


where the coefficients €0,€1,...,€, do not exceed in numerical value a fixed limit « which does not depend 
on coefficients of the quadratic form )~ >~ aijzix; and on the choice of the set (L) of simplexes. 
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Let us examine the function F(z,,) (4 Bb heas fy + tn) After the proposition made, the point (4 + e:) 
belongs to the simplex L;. Let us determine the integers ti, t2,...,tn after the conditions 
1; F 
0<— +ai+ti <1, (i= 1,2,...,m) (9) 


and indicae by L, the simplex congruent to the simplex L, which obtains by a translation of the simplex L, 
the length of the vector [t;]. 
By virtue of the formula (5) of Number 73, one will have 


I I I I 
Fiz.) (2 401,..,4 420) = Fy (A +ortty.., ton +tn) ‘ (10) 
By indicating with 
the vertices of the simplex L/, one will have, by virtue of (9), the inequalities (8): 
del <A. (6=1,2,...,n;k =0,1,2,...,n) 


It follows that the numerical value of the function 
l l 
Fy, (4+2 + tise, = tan ttn), 
s\m m 


because of (8) and (9), does not exceed a fixed limit y which depends only on coefficients of the quadratic 
form )> >> aijxivj and on the choice of the set (L) of simplexes. By virtue of (10), one can write 


U U 
Fix.) (2 $B +2n) = 0 where |yo| < ¢. 


By substituting in the formula (7) the results obtained, one will present it under the following form 


Mn 63 > aijxea; teot d «si) =2 S- pe Sai (in _ = - z:) (11) 
i=l 


In this formula, the coefficients €0, €1,..., €n do not exceed in numerical value a fixed limit which does not 


depend on numbers #1, £2,..-,2n- 
81 
Let us determine the coefficients of 2p, in the formula obtained. 


To that effect, let us choose any one face P in n— 1 dimensions of simplexes of the set (L). Let us suppose 
that the face P is characterised by the systems 


(0), (cay), ++ +s Uen—1))- 


Let us indicate by p the regulator and by +(p;) the characteristic of the face P with regard to the quadratic 
form )> >> aijxivj. One will suppose, on the ground of (4), that 


Spies <0. (12) 
Let us suppose that the vector g is made up of points 
Lane where 0<u<l 
m 


and corresponding to a point (+) belonging to the set K possesses a point which is interior to a face P’ 
congruent to the face P. 
By supposing that the face P’ is characterised by the systems 


(9%); (li + 9); ony (lin-1; 9); 


one will have, on the ground of the supposition made, 


n-1 n-1 
Xi 
+ ux 2 “ k(gi + biz) ere 2 “ k and 3; >0 


The corresponding value of the coefficient of 2p in the formula (11) is expressed by the sum 


ss Se pi(lin = & — 2) (14) 


which extends to all the faces P’ congruent to the face P verifying the equalities (13), provided that the 
points (4) belong to the set K. 
Let us indicate, to make short, 


a7 =-A (15) 
i=1 
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One will have, because of (12), 
A> 0. 


As the system (l;,) in the sum (14) indicate any one vertex of the face P’, one can write down 
lin = Gi, 
and the equalities (13) and (15) give 


) i(g—-——-ai)=1—-u)A. 
= e (s m ) ees) 


Therefore, the study of the coefficient of 2p in the formula (11) comes down to the evaluation of the sum 


So(1-wA where 0<u<1. (16) 
Let us designate, to summarise, 
—mgi th = hi. (17) 
The parameter u verifying the equalities (13) is expressed by the formula 
1 
U= Sx Lipihe (18) 


and as 0 < u < 1, it becomes 
0< S- pihi < mA. 
By indicating with 7 the integer verifying the inequalities 


0<1r<mA, (19) 


So pihi ae (20) 


By virtue of (18), the corresponding value of the parameter wu will be 


let us write 


- 
“= —. 
mA 


Let us substitute the expression found of the parameter u in the equalities (13), it will become, because 
of (17), 


n-1 n-1 
qn +hi=mJ~Selix where S~ I, <1 and VJ, >0. (21) 
k=1 k=1 


(k =1,2,...,n—1) 
This stated, let us notice that one can attribute to the number 7 an arbitrary value verifying the inequalities 
(19). For similar values of 7 to exist, it is necessary that 
mA > 1, 


Let us suppose that the positive integer m satisfies this condition. In this case, the finding of the sum 
(16) comes down to the solution of a sum 


r<mA 
- 
Soa-wAas Yo m(A- —) (22) 
T>0 
where m, indicates the number of systems (hi) of integers hi, h2,..., hn verifying the equalities (20) and 


(21). 


It is easy to determine the number m,. 
Let us indicate by (h°) a system of integers verifying the equality 


So pih? = 1. (23) 


As, on the ground of the supposition made, the integers p1, p2,..., Pn have no common divisor, the systems 
of integers verifying this equality always exist. 
One will determine all the systems (h,;) of integers verifying the equality (20) with the help of formulae 


n—-1 
hi = Tho + a TKlik (24) 
h=1 
where the rational numbers 71,72,...,7n—1 belong to certain sets 


Th = Exp tye, (k= 1,2,...,n-r =1,2,...,w) (25) 
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w being the greatest commondivisor of n determinants of the order (n — 1)? which one can form from n— 1 


systems 
(1:1), (liz), a) (lin—1)- 


By substituting the expressions of hi, ho, . 


.., An derived from equalities (24) in the equalities (21), one 
obtains 


n-1 


Kei +The = Som; — Tr)liz- (26) 


k-1 
Let us notice that the numerical value of the determinant of n systems 


(xi), (lit), ---, (Lisn—1) 


is expressed by the formula 


ti igo Sok Nas 
zp Bt Sapa = 0d. 
lin—-1  lan-1 +++ Injn-1 
Let us indicate by A1n, A2k,---; Ang, (K =1,2,... 


,n—1) the minor determinants which are defined by the 
equalities 


So Andis = wA, (k =1,2,...,n-—1) 
i=1 


> Aunts =0, S07 Aindir =O. (7 =1,2,...,n-1yr ¢k) 
The equalities (26) give 
i Pera =wA(md,—Tr), (k=1,2,...,.n-1) 
and as a result E f 
mon = Te + SK Deh? (k =1,2,...,n—1) 


By virtue of (21) one obtains the inequalities 


TE: 0 _ _ 
Te + Diet > 0; (kK =1,2,...,n 1) 


n-1 


So(mt mt S> Aiwh?) <m. 


k=1 
Considering the set (25), one finds 


T 20 
YR + Eker + EN So Aik? > 0, 
n-1 


hae 27 
DO (weber + DO aah?) <m. ( at or 


k=1 
Let us write 


x 
Ueki + HD Minh? = he +H where 0< <1 (k=1,2,...,n—1) 


and 
n-1 
So % =a”) +v where 0<v <1, (28) 
k=1 
yi... y,—1 and a”? being integers. 
The inequalities (27) will be replaced by the following ones: 
n-1 
Souk <m— al? —», UR > —Vr; (kK =1,2,...,n—1) 
k=1 
or differently 
n-1 
Souk <m—aS?—1 and yi, >0. (k =1,2,...,n—1) 
k=1 


The number of systems (y{, y5,---,Yn—1) of integers verifying these inequalities is equal to 


(m — a§)(m+1— a8) -.-(m+n—-2- a”) 
12a) 
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One concludes that the symbol m, which expresses the number of solutions of equations (20) and (21) in 
integers is equal to the sum 


may eo (m+n—2—a\”) 
--(n—1) ; 
84 
By substituting in the sum (26), one obtains 


T<mA 


Siar ea 
T>0 ie , T>0 , ons ~ -) 
Let us find a value approached by the sum obtained. By noticing that because of (28) 
0<al? <n-1, 
one can write 


£4 2 
m”" +67m”" 


“(m— al )- Ea Ww 
x --(n—1) ~ (n—1)! 


where |d:au| does not exceed a fixed limit which doesnot depend on the number m. 
By substituting in the sum (27), one finds 


T<mA TK 
A =. a A ae A n—l1 
dX (a-a)™= win (4-7) +5a%m 
T>0 
where |6| does not exceed a fixed limit which does not depend on #1, %2,...,£%n and on the number m. 
By noticing that 
rT<mA 
Se (a-=) = pe Boe where 0<0< de 
m 2 2 m 8’ 
T>0 
one can write 
T<mA 
T 1 wl? a: 2 ! " 
a ee ee A A 
ps (4 =m Gopi” tm" A? +54 +8") (30) 
T> 


where 6,6',6” do not exceed in numerical value a fixed limit. 
By substituting in the formula (11) the coefficient found of 2p, one will have, because of (19), 


m” OF SY anja; +€o+ se €£;) = oak Doe Oo pay? 
mm” 1 3 2prlOr (D> pinwi)” + on So pins + dn]: 


In the formula obtained the coefficients €0, €1,---,€n, Ok, 5p, 04 (k = 1, 2,...,0) do not exceed in numerical 
value a fixed limit which depend only on coefficients of the quadratic form )* )* aijx;a; snf on the choice 
of the set (L) of simplexes. 

Let us replace in the formula obtained the numbers 21, 22,...,%n by the numbers mz1, mx2,...,mM%n. AS 
these numbers satisfy the conditions imposed on the numbers 21, 42,...,2n, the formula (31) is applicable 
and one obtains 


n—-2 id 
wetness be +m Yee) = 2 pl pa 
“ k=1 
mt > 2px[dem™ (S— pinats)? +5,m So pina: + dz]. 
k=1 


By dividing the two parts of the formula obtained by m”*?”, let us make the positive integer m increase 
indefinitely, it will become 


(31) 


S- >) anjaia; = ani Yo pee + port2+...+Dnrtn)’- (32) 


The sum which is found in the second member of the formula obtained extends to all the incongruent 
faces in n — 1 in n— 1 dimensions of simplexes of the set (L). 
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We have deduced the formula (34) by supposing that the numbers x1, %2,...,%n form a irreducible basis. 
As the two parts of the formula (32) present two quadratic forms, one concludes that the formula (32) 
present an indentity. This results in that the formula (32) can be written 


n n com n n 
y » ij Qi = anal > PRK o > Qij PikPjk (I) 
k=1 


i=1 j=1 i=1 j=1 


n n 
p= es ty (RSL aso) 


i=1 j=1 


where one has written 


the two quadratic forms )> > aijaixj and D> >> aj;a:x; being arbitrary. 
Section V. 


Properties of the set (A) of quadratic forms 
corresponding to the various types of primitive parallelohedra. 


Definition of the domain of quadratic form 
corresponding to a type of primitive parallelohedra. 


Let us suppose that a type of primitive parallelohedra is characterised by a set (L) of simplexes. 


Let us indicate by 
P= Seas (k =1,2,...,0) 


the regulators which correspond to the various incongruent faces in n — 1 dimensions of simplexes of the set 
(L). 

Definition. One will call domain of quadratic forms corresponding to the type of primitive parallelohedra 
characterised by the set (L) of simplezes a domain A in quadratic forms verifying the inequalities 


pe= >>> pag >0. (6 =1,2,...,0) (1) 


On the ground of the fundamental theorem of Number 77, for a quadratic form f to define a set (R) 
of primitive parallelohedra belonging to the type characterised by the set (L) of simplexes, it is necessary 


and sufficient that the form f is interior to the domain A. This results in that the domain A is of (nti) 
dimensions. 


Among the inequalities (1) can be found dependent inequalities. Let us suppose that one has chosen a 
system of independent inequalities 
p1 29, p2 2 0,..., Pm 2 0 


which define the domain A. With the help of independent regulators p1, p2,..-, pm one will present all the 
regulators under the form 


pr= >A p, where WS” >0. (r =1,2,...,mjk=1,2,...,0) (2) 
r=1 


Let us observe that any one quadratic form 5> S> aij;x:@j; does not verify the equations 
p1 =0,p2 =0,...,pm = 0 


because the equalities (2) give 
Pr = 0, (k= 1,2,...,¢) 


and, by virtue of the formula (I) of Number 84, one has 


LLawi a 
>> do ajj;xix; being an arbitrary form; it follows that 


aij = 0. (@=1,2,...,n;f7 =1,2,...,n) 


To the domain A, therefore, the conclusion deduced in my first mémoire cited } are applicable. 
Let us indicate by 


P1;, P2;+++,Ps (3) 


the quadratic forms which characterise the various edges of the domain A. 
The domain A of quadratic forms will be determined by the equalities 


S- So isi; = So ue where Uz = 0, (k = 1, 2, sey 8) 
u=1 


U1, U2,...,Us being positive arbitrary parameters or zeros. 


{ This journal V. 133, p. 97 
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Let us notice that by virtue of the formula (I) of Number (84), each form y;(k = 1,2,..., 8) of the series 
(3) will have for expression 


Pr= S- db) (pirk1 + prrX2 ae + Darn)? 


r=1 
where A) > 0. (r =1,2,...,0;k =1,2,...,0) 
Properties of independent regulators 


By keeping the notations from Number 69-74 let us suppose that a simplex L of the set (L) is characterised 
by the systems 
(lio), (Ui), ++, (lin). 


Let us suppose that among the regulators 
PO; P1,+++5Pn 


which correspond to the various faces in n—1 dimensions of the simplex L, is found at least one independent 
regulator. Let us suppose, to fix the ideas, that po is a similar regulator. 

Let us indicate by L;, (k = 0,1,2,...,n) the simplexes which are contiguous to the simplex (L) through 
the faces in n — 1 dimensions characterised by the systems 


(lin). (bh =0,1,2,...,n;h # kik =0,1,2,...,n) 


Let us suppose that by replacing in the simplex L the vertex (1;,) by a vertex (lj,), one obtains the simplex 
Le (k = 0,1,2,...,N). 
By virtue of the formula (6) of Number 73, one will have 


2pk S- pire (lin _ liz) = Fiz) (ins lors ar) Tig) (k =0,1,2,...,7; h # k) (1) 
Let us admit 2 - 
Up = > Mt where yo" =1. (k=0,1,2,...,n) (2) 
k=0 r=0 


As, because of the inequality (14) of Number 70, 
S- pir(lin —lin)>0, (h#k) 


it becomes, by virtue of (2) 


ov) <0. (k=0,1,2,...,n) (3) 
Let us examine the numbers ae ; 
90, 01,---, 0A (4) 
which correspond to the independent regulator po. One will have, because of (3), 
09 =0. 
I say that among the numbers #?, 9$,..., 0 at least two numbers are positive. As )7/_, 0; = 1, it is 


evident that at least one number, for example J°, will be positive. Let us suppose that J° is the only 
positive number in the series (4). 
Let us indicate, to fix the ideas, 


09S 001s, 0x < 0,959 Oye eat = 0,9, >0. (5) 


The corresponding value of the function F(z) (lio, ---,l,0), by virtue of the formula (4) of Number 78, can 
be presented under the form 


Fr) (ho, «+» tno) = x So ais (lio — lin) (jo — Lin) 
N 
— Sox ys Sai; (lik — lin) (Uj — lin). 
k=0 


By virtue of the formula (I) of Number 84 and of inequalities (5), one can present this equality under the 
form 


(6) 


Fry (to: cae! -stio) = So hr pr where h, > 0, 
r=1 


and as on the other hand, because of (1) 


2po S © pio (lin — lio) = F(x) (lio, «++; tno); (7) 
it becomes 


po = )_ grpr where gr >0. (r=1,2,...,¢) 


r=1 
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We have supposed that po is an independent regulator, therefore it is necessary that 


g2 = 0 so long as a regulator p, is not proportional to po. 

The formula (6) gives 

y So ais (Lig — lin) (Uo — lin) = 6po where 6 > 0, 

Soyo ais (lin — lin) (jx — bin) = Oxpo where pz > 0. 

(k = 0,1,2,...,A) 
It follows that one has identically, 
6 
32 do ais Lio = lin) Go — bin) = ra SoD ais (lik — bin (lye — Yin): 


For this identity to hold, it is necessary and sufficient that 


6 
lio —lin = 4/ 5, (ee — lin). 


By virtue of Theorem I of Number 51, the numbers [jg — lin (i = 1,2,...,n), and liz —lin (¢ = 1,2,...,n), 
do not have common divisor, one concludes that 


Lio = lin, 
which is impossible. 
Let us indicae, to fix the ideas, 
Bo <0; 91 <0. y0 <0, 254 S000 G0, S000 SOO SO (8) 


where 1 >0 and uw<n-2. 
88 
Theorem: By replacing in the simplex L the vertices (liz), k =0,1,2,...,A, successively by the vertex (lig) 


one will obtain the simplezes 
Lo, I1,..., Dr (9) 


which are contiguous to the simpler L and one to one by the faces in n—1 dimensions the regulators of 


which are proportional to the regulator po. 
Let us apply the formula («) of Number 74 to the simplex L and Ly (k = 0,1,2,...,); one will have 


F(x) (thos +++ sTno) = Fig) (loss tno) + 2p% Dvir (lin — Uo). 
(h#kjn =0,1,2,...,2) 


By virtue of (8), one obtains, 
S- pir (lin — io) > 0. (h # kjk =0,1,2,...,.) 


In view of (8), one finds 
For,)(lios-»+stn0) = SkPo0 where 6, >0 (k=0,1,2,...,.) 


and 
(10) 


Pr =Uxpo where ux > 0. (k = 0,1,2,...,A) 
On the grounds of (1) and (7), it becomes 
Fires sata Lik) = wrF(z) (lio, ies To) where wz > 0. (k =0,1,2,...,A) 


435 


The equality obtained presents an identity with regard to the coefficients of the quadratic form )* > aij 125. 


One derives, because of (2), the equalities 
(b)\? (x) 02 0 
(¥ ) — 0; = wr ((02) — 8), (¢ =0,1,2,...,n) 
BP 9) = uO}. (= 0,12...) 9 =0)1, 2), 08 49) 
As 7°”, 0") = 1 and 7”_, 0? = 1, it is necessary that w, = 1 and 


0) = 99, (=0,1,2,...,n) 


therefore 
hie Shoe S01; 95-45) 


The formula (1) becomes in this case 


2Pk So pir (lin — lio) = Fix)(lio,--- tno). (kA kk =0,1,2,...,A) 
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Let us notice that the simplexes 
fy ae stoma ot 


make up a group of perfectly determined simplexes corresponding to the independent regulator po. That 
which we have mentioned concerning the simplex L can be related back to all the simplexes of the series 
(9). All the simplexes which remain Ly41,...,L2n are contiguous to the simplex L through the faces the 
regulators of which are not proportional to po. 


Let us notice that the simplexes (9) make up a convex polyhedron K having n+ 2 vertices 


(Zio); (tio), «+5 (lin) 


In effect, all the points of simplexes (9) belong to polyhedron K made up of points determined by the 
equalities 


n n 
xi = uli + SO uli where w+ So us =1 and u>0,uz > 0. (11) 
k=0 u=0 
(k = 0,1,2,...,n) 


I argue that any point (x;) determined by these equalities belongs to at least one of simplex (9). 
Let us suppose, in the first place, that one has the inequalities 


Un tus, >0. (k=0,1,2,...,n) 


One will present the equation (11), because of (2), under the following form: 


Li = So (ue + ud )lix 
k=0 


and, as )7;_9(ux + w0%,) = 1, one concludes that the point (;) belongs to the simplex L. 


This laid down, let us suppose that at least one of numbers uz + u3%, k = 0,1,2,...,n, is negative. Let 


us choose among the numbers 
uo U1 Ur 


go? re seg go 
0 Vy d 
which are all negatives or zeros, because of (8) and (11), a number 5§ the numerical value of which is 


x 
the smallest. The point (x;) determined by the equalities (11) belongs in this case to the simplex L,. To 
demonstrate this, one will present the equalities (11) under the form 


= ue y age Ny = ; 
n= (ut 5) loo + D> (us tng ) Ui (r= 0,1,2,...,n,7r #k) 


On the ground of suppositions made, one will have the inequalities 


Uk On 
— iy — > ; 
D, >0, u uy. 0 


Uk On = 
tg Og) 


one concludes that the point (x;) belongs to the simplex (Z;) (wu = 0,1, 2,..., A). 
Let us examine the faces in n — 1 dimensions of the polyhedron K. On the ground of conditions (8), the 
polyhedron K possesses ys — A faces in n — 1 dimensions Q; which are characterised by n+ 1 vertices 


(Ui), (lin). (h=0,1,2,..., mh #kjK=A+1,...,p) 


The vertex (1;,) where k = X+1,..., is opposite to the face 6,(k =A+4+1,...,p). 

All the faces in n — 1 dimensions of the polyhedron K which remain are characterised by n vertices. One 
will characterise them in the polyhedron K by two opposite vertices. 

One obtains in this way n — p faces P, (k = wt 1,...,n) of the polyhedron K characterised by two 
opposite vertices (Ij,) and liz (k = p+1,...,n) and one obtains (A+1)(n—p) faces Pen (h = 0,1,2,...,Ak = 
w+1,...,n) characterised by two opposite vertices lj, and lin. 


ut (r = 0,1,2,...,m7r 4k) 


and, as 


Let us notice that the polyhedron K is contiguous through the faces Q, (k = A+1,...,) to other 
independent regulator po. 

to demonstrate this, let us examine the simplex L; (k = 4+1,...,) contiguous to the simplex L through 
the face in n — 1 dimensions characterised by the vertices 


(lin). (h=0,1,2,...,.uh#kjk=A+1,...,p) 


This face presents a part of the corresponding face Q; of the polyhedron K. 
By applying the formula («) of Number 74 to the simplexes L and Lx, one obtains 


Foz) (ios «++ stro) = Fry) (los «+ +s tno) + 2p% S- pir(lin — lig) 
where h#K and n=A+4+1,..., py. 
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On the ground of conditions (8), one will have 


S- pir(lin —lo)=0, (K=A+1,...,H) 
therefore, because of (7), 


F(1,) (thos «++ stno) = Foxy (tos---stno) = 200 _ pio (lin — lio): 
(h#0;k=A+41,..-,y) 


As the point (Ig) is not found among the vertices of the simplex L;, it is necessary that among the 
regulators of faces of the simplex DL; are found, by virtue of the equation obtained, regulators which are 
proportional to po. 

By noticing that 

lio = S_ Ohlin + Oelix, where D>, + 02 =1 
(h = 0,1,2,...,.n;hAkj;kK =A+1,...,py) 


since because of (8), 2 = 0 (k = A+1,...,), one concludes, on the ground of the previous theorem, 
that by replacing in the simplex L; the vertices (J:,) (h = 0,1,2,...,A) by the vertex (Jj)) one will obtain 
a group of simplexes 

Deb ough (K=A+1,...,) (12) 


which are contiguous one to one by faces in n — 1 dimensions the regulators of which are proportional to po. 

Let us indicate by K;, the convex polyhedron made up of simplexes (12). One obtains the polyhedron K, 
by replacing in the polyhedron K the vertex (lin) by the vertex lj, (k = +1,...,y). One concludes that 
the polyhedra K and Ky are contiguous through the face Qx. 

Let us examine other faces of the polyhedra K. The face Py (k = w+1,...,n) belongs to the simplex L 
which is contiguous through the face P, to the simplex L;. The regulator py, (k = w+1,...,n) of this face 
can not be proportional to the independent regulator po. 

It may turn out that any one of regulators corresponding to the various faces of the simplex Lx is not 
proportional to the regulator po. In this case, the polyhedron K will not be contiguous through the face P, 
to any one analogous polyhedron corresponding to the independent regulator po. 

It may also turn out that among the regulators of faces of the simplex L;, are found regulators which are 
proportional to po; in this case, the simplex L; belongs to a convex polyhedron K; which is contiguous to 
kK through the face P, (k = w+1,...,n). 

In the same way, one will examine the analogous faces P,z of the polyhedron K (hk = 0,1,2,...,A;k = 
w+1,...,n). 

By applying the procedure shown to the various incongruent simplexes of the set (LZ), one will determine 
the incongruent convex polyhedron 

K,Ai,..., Ku-1 
which are made up of corresponding groups of simplexes belonging to the set (L). 


Reconstruction of the set (L) of simplezes by another set (L') of simplezes. 
One can partition the convex polyhedra 
K, Ki,..., Ku-1 (1) 


corresponding to an independent regulator p into new simplexes. 
By keeping the previous notations, let us examine the convex polyhedron K made up of simplexes 


Te Pigs Tas (2) 
The polyhedron K possesses n + 2 vertices 
(1), (tio), ---; (lin): 
it Theorem. By replacing in the simplex L characterised by the vertices 
(lio), (lit), .--, (Lin) 
a value (1;,) by the vertex (lj) where k = »4+1,...,n, one obtains n — y simplexes 
Eggi cade, (3) 


which also make up the polyhedron K. The simplexes obtained do not belong to the set (L) of simplexes. 
Let us write, as we have done in Number 87, 


t= )_ Selix where Sod, =1 (4) 
k=0 k=0 
and 
Vo < 0,01 < 0,...,0) < 0,041 = 0,..., 0, = 0, p41 > 0,...,0n > 0. (5) 


It is clear that each point of simplex (3) belongs to the polyhedron K. 
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Let (x;) be any one point of the polyhedron K determined with the help of equalities 


wi = uli +S ueliz where u+ S> ux =1,u>0,u > 0. (kK =0,1,...,n) (6) 


k=0 


Let us choose among the numbers 


Upt+l Un 
toe 
the one which is the smallest. Let us suppose, to fix the ideas, that 
wu Uk 
mee a (r=ptl,...,n) 


I argue that the point (z;) belongs to the simplex Li,. In effect, the equality (6) can be speculated, because 
of (4), under the form 


=. Uk ! Vn . = A 
“= (ut Be) 8+ (me — meg) be (h=0,1,2,...,n;h #k) 


By observing that 
eo” SG, un — uno > 0, (h=0,1,2,...,n;k #k) 
k 


and that 


wt ht SD (ue ue St) =1 (8 = 01,2... AR) 
k 
h 


one concludes that the point (x;) belongs to the simplex Li, (k = +1,...,n). 
The simplexes (3) can not belong to the set (LZ), because this set, by virtue of Theorem I of Number 61, 
uniformly partition the space in n dimensions. 


Let us suppose that one has replaced in the set (L) the group of simplexes (2) by the corresponding group 
(3). Let us suppose that one has effected this reconstruction of simplexes of the set (L) with regard to all 
the polyhedra which are congruent to the polyhedra (1). One obtains in this way a new set (L’) of simplexes 
which enjoy the following properties. 

1. The set (L') of simplezes uniformly fills the space in n dimensions. 

2. The set (L') can be divided into classes of congruent simplezes and the number of different classes is 

nite. 
Hf Let us find the regulators and the characteristics of faces in n — 1 dimensions of simplexes belonging to 
the set (L’). 

Let L’ and Lo be any two simplexes of the set (L’) which are contiguous through a face P in n — 1 
dimensions. Suppose that the two simplexes L’ and Lp also belong to the set (L’). In this case the regulator 
and the characteristic of the face P in the set (L’) do not change. 

Let us suppose that at least one of the simplexes examined does not belong to the set (L) of simplexes. 
This simplex will belong in this case to a polyhedron which is congruent to a polyhedron of the series (1). 
Let us suppose to fix the ideas that this is the polyhedron K. 

By noticing that the simplex examined is found among the simplexes (3) let us choose one of these 
simplexes Li, (k = w4+1,...,n) and examine the regulators and the characteristics of all these faces in n—1 


dimensions. < . . ie ; : 
By virtue of the definition established, the simplex Lj, is characterised by the vertices 


(lio), -+ + (lie—1), (4), Uiett), +++; (lin). (K=p+1,...,27) 


Let us indicate by Pr, a face in n — 1 dimensions of the simplex Li, which is opposite to the vertex 
(lin) (hk = 0,1,2,...;h #k). By Pj let us indicate the faces of simplex Li, which is opposite to the vertex 1}. 
All the faces in n — 1 dimensions of the simplex Li, can be divided into three groups: 


als Por, Pik,..-,Prr and Px; 
2. Pysiyes ++) Puri 
3. Putiyes +++) Pe—1,6) Petijks +++) Prez- 


Let us find the regulators of faces of the simplex Li, belonging to the first group. 
Let us examine, in the first place, the face P;,. As the face P; is characterised by the vertices 


(lio), --- 5 (diw—1); Uinta), +++ (lin), 


it presents a face of the polyhedron K. 

In the set (LZ) the face P, would belong to two simplexes L and Ly. Two cases to distinguish: 

First case: the simplex L; belongs to the set (L’). 

Let us indicate by px the regulator and by (P;x) the characteristic of the face P, in the set (L) with regard 
to the simplex L. 

Let us indicate by pj, the regulator of the face P, in the set (L’). The characteristics of the face P;, in the 
set (L’) with regard to the simplex Li, will be (Pix). 
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By virtue of the definition established in Number 73, one can declare 
Fu, (4, eee a) = 2p So (—pir)(lin oa Ij). (h # k) 
By applying the formula (*) of Number 74 to the simplex L and Lz, one obtains 


Fry (thy ---tn) = Fly) (lis + tn) + pnd pin(lin — 0). (hb) (7) 
It follows that ; ; 
Fury, cee sth) 
235 pin(—lin +) 
We have seen in Number 87 that the function F(z)(I{,...,,) is proportional to the independent regulator 
p. As, by virtue of (5), 


Pr = Pr + .(kK=pt+l1,...,n) (8) 


Dovie(lin +H) >0, ChARR=AF1... 5H) 
the formula (8) can be written 
Pe = Pr+Onp where 6; > 0. 


Second case: the simplex Ly does not belong to the set (L’). 

In this case the simplex L;, belongs to a convex polyhedron K;, and the face P; will belong in the set (L’) 
to two new simplexes. 

The face P; in the set (L’') belongs to the simplex Lj, and to a simplex which one obtains by replacing 
the vertex 1, of the simplex L, by a new vertex which one will indicate by (J2). Let us indicae by L® the 
simplex which one obtains by replacing in the simplex L;, the vertex li, by the vertex (1°). 

By virtue of the definition established in Number 73, one will have 


Fors (Hy -+-54n) = 2p > _Piwllin — 12). (h # ki) 
By applying the fundamental formula (+) of Number 74 to the simplexes L; and Li, which are contiguous 
through the face P,, one obtains 


Fu, (Uh, ---50n) 
Foy) (Gy sta) = Fay ste) + (pin) Gin - Oh Serra ret 
and, because of (7), it becomes 
For) (is. +» bn) Fur, (By «5 th) 
2>2 pin(—lin +) 2S viz (lin — BY 
On the ground of the supposition made, the functions 


Fury(i,.-.5t,) and Frr,)(,..-,tn) 


Pr = prt (9) 


are proportional to the independent regulator p. As 
S pir(—lin +) >0 and So pin(lin 8) >0, (k= a 4+1,.--,n) 
the formula (9) can be written 


Pr = pr +6ep where 6, >0. (kK=p+1,...,n) 


In the same way, one will examine the regulator of the face Phx; (h = 0,1,2,..., 2). 
As the face Pp, belongs in the set (LZ) to the simplex ZL, (h = 0,1,2,...,A), one concludes that by 
designating the simplex L;, with the simplex L one will return to one of the two previous cases. 


Let us find the regulators of faces of the simplex Lj, belonging to the second group. Choose one face 
Par (hR=At+1,...,k =pwt1,...,n) in this group. 

The face Pp, presents a part of the face Q;, of the polyhedron K. 

We have indicated in Number 90 by Kp the polyhedron which is contiguous to the polyhedron K through 
the face Q;. The polyhedron K;, posses n + 1 vertices 


(Ui), (lio), | (li,n—1); (lin); (Ui,n41)5 pecs) (lin). 
In the set (L’), the polyhedron K;, is partitioned into simplexes 


, 1 
Lupin oeby Lah 


which one obtains by replacing in the simplexes 
Dutise ++) Ln 


the vertex (li,) by the vertex (lj,) (h=A+1,..-,p). 
One concludes that the face P,, belongs to the set (L’') to two simplexes 


Li, and Li, he 
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Let us indicate by p),, the regulator corresponding to the face Pp; in the set (L’). Notice that the 
characteristic (Pj,) will be the same for all the faces P,x where k = w+ 1,...,n because these faces make 
up the face Q; of the polyhedron K. 

In the set (ZL), the face Q;, is partitioned into faces 


Pry Phoy-++5 Phx 
of simplexes DL, Lo,...,£, which have the same characteristic (pin). One concludes that 
Pin = Pih; 


provided that the characteristic (pjn) is chosen with regard to the simplexes (2). 
By virtue of the definition established in Number 73, one can write 


Fy) (Tins ++: Dan) = 2pha > vin(lir — lin). (r # A) 


By applying the formula (*) of Number 74 to the simplexes L and Li,, one will have 


Frry (lh, --- th) 
Fasttgut sick ys Fey ds oy Ee Fa (rare (oh poe 
(1) (tiny +1 Dink) = Feu (lin n) + D Piller — Un) Sy 


Besides, one has 
FU) (lins +++) Linn) = 2m Din (lin — Tin), (7 #A) 


and consequently 
sha = pnt LPinl =U) Bayon) 
So pin (lir —U,) 23 (pin — lin +: U1) 
One can thus write ; 
Phar =Prt+onep. (R=AH+1,...,mk=pt+l1,...,n) 


In the formula obtained, the number 6;,% can be positive, negative or zero. 


Let us find the regulators of faces of the simplex Li, belonging to the third group. Let Pre be a face 
belonging to this group, h =pt+1,...,n, h#k, k=p+l1,...,n. The face P,, belongs in the set (L’) to 
two simplexes Li, and L;, of the series (3). By replacing in the simplex Lj, the vertices (lin) by the vertex 


(li), one obtains the simplex L},. This results in that by indicating with pp, the regulator and with (p*)) 


the characteristic of the face P,, with respect to the simplex Li,, one will have 
Fox) (hes er Ink) = 2Phk Sw ir Fars liz). (r # hr a k) (10) 


The equality (4) can be written 
co, Oy 
tk = 9-k a7 | bir. = 0,02. 3} 
ie zit) ( a)! (r =0 nyr £k) 


By noticing that 


one will determine the value of the function F; Lt )(ik,---,lne), by virtue of the formula (4) of Number 73, 


by the equality 
1 
Fox (hes ste lnk) = ; Aijlinljn — Be aig lili 


+ EY Yates. (r= 0,1,2,...,n,7r 4k) 


By recalling that because of (4) 


Fj (iyely) = Soe aaslili = Sa: SoS o aislizlin., 
k=0 


and by comparing the two equalities obtained, one finds 
1 
Fou (liz; ne Ink) = ~9, Fh, ae In): 
By substituting in the formula (10) the expression found of the function Fix) (liz,-+-,lnk), one obtains 
pI = 1 Foz) (i, -- + stn) 
he = OOOO *U. 
Be 20 ph” (lip — liz) 
(h=ptl,...,n;k =ptl1,...,.nhAkjr Zk) 
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One concludes that by admitting 
Pak = —OneP, (h=p+l,....mk=p+l,...,m4h Fk) 


one will have dnx > 0. : : ; : ; ; 
lgorithm for the study of domains of quadratic forms which are contiguous to a given domain through 


the faces in ati) —1 dimensions. 


Let us suppose that a domain A of quadratic form corresponding to a type of primitive parallelohedra 
which is characterised by the set (L) of simplexes is defined by the independent inequalities 


pr>0. (k=1,2,...,m) 


Let us suppose that one of these regulators is proportional to an independent regulator p and construct 
the set (L) of simplexes in another set (L') with the help of the procedure shown in Number 91-92. 
Let us indicate by 
P1; P2,+++5 Po 


all the regulators of incongruent faces of simplexes belonging to the set (L) and indicate by 


ars; ! 
Pls P2)+ +9 Pr 


all the regulators of faces of simplexes belonging to the set (L’). 
We have seen in Number 93-95 that all these regulators can be presented under the form 


oe Pr=—Opp where 6, >0, (1) 
or pe = pet Senp 
so long as a regulator p}, is not proportional to p. 
Let us examine the domain D’ of quadratic forms determined by the inequalities 
Pr >O. (k =1,2,...,7) (2) 


I argue that these inequalities define a domain of quadratic forms in anti) dimensions. By supposing 
the contrary, one will find the parameters u, (k = 1,2,...,7) positive or zero which reduce into an identity 
the equality 


So une, = 0 where uz > 0. (k =1,2,...,7) (3) 
k=1 
By virtue of formulae (1), this identity can be written 


o 


S vnpe +p =0 where uy%, >0. (k= 1,2,...,0) 


k=1 


As the regulator p is independent it is necessary that v; = 0 as long as a regulator p; is not proportional 
to p. This results in that within the identity (3) one also has uz, = 0 so long as a regulator pi}, is not 
proportional to p. By virtue of (1), the identity (3) takes the form 


So un(-dep) =0 where uz >0 and 6; > 0, 


which is impossible. 
The domain A’ defined by the inequalities (2) corresponds to a new type of primitive parallelohedra 
characterised by the set (L’) of simplexes. 
Let us notice that by virtue of inequalities (1), any quadratic form which is interior to the face of the 
domain A determined by the equation 
p=0 (4) 


belongs to the domain A’ and vice-versa. One concludes that the two domain A and A’ are contiguous 
through the face in ninth) — 1 dimensions determined by the equation (4). 
Set (A) of domains of quadratic forms corresponding to the different types of primitive parallelohedra. 


With the help of the algorithm explained in the previous Number, one can determine the domains of 
quadratic forms 
Ay Aayeeny Ain (1) 


which are contiguous to the domain A by their faces in a(nti) 


domains which are contiguous to the domains (1) and so on. 

Let us indicate by (A) the set composed of all the domains of quadratic terms which correspond to the 
various types of primitive parallelohedra. 

Theorem I. The set (A) of domains of quadratic forms uniformly divides the set of all the positive quadratic 
forms in n variables. 

Let (a1,22,-.-.,2%n) be an arbitrary positive quadratic form. Let us choose a form yo(#1, %2,...,%n) 
which is interior to the domain A and let us examine a vector g made up of forms 


f=¢otu(y— yo) where 0<u< 1. (2) 


— 1 dimensions, then one will determine the 
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By making the parameter u grow in a continuous manner in the interval 0 < u < 1, one will determine a 
series of domains 
PM vd) (3) 


which are successively contiguous through the faces in a(nti) — 1 dimensions and which contain the various 
forms of the vector g. 

I argue that the series of domains (3) will always be terminated by a domain to which belong the given 
quadratic form y. 


To demonstrate this, let us indicate by 
(li1), (li2),---, (ir) where 7 = 2" —-1 (4) 


the systems which characterise the faces in n — 1 dimensions of primitive parallelohedra belonging to the 
type which corresponds to the domain A of quadratic form. 
Let us indicate by the symbol N(f) a sum 


N(f) = >> fis -stne) 


h=l 
of values of a form f(x1,22,...,%n) corresponding to the systems (4). 
Let us indicate, similarly, by 
(?), (),--- (QP) where r= 2"-1 (5) 


the systems which characterise the faces in n — 1 dimensions of primitive parallelohedra belonging to the 
type which corresponds to a domain A“) of the series (3) and declare 


DGS NP rig de Cat oars) 
h=1 


We have seen in Number 95 that the systems (4) and (5) are congruent with respect to the modulus 2. 
By virtue of the theorem of Number 48, one will have an inequality 


NON fi EST) 
as long as a quadratic form f is interior to the domain A. This results in that the inequality 
N(f) SNO(F) k= 1,2...) 


holds providing that a form f belongs to the domain A. 
This stated, let us notice that by virtue of the supposition made, the form ¢o is interior to the domain A, 
therefore one will have the inequality 


N(go) < N (go). (k =1,2,.--) (6) 


Let f be a form of the vector g which belongs to the domain A“) of te series (3). 
One will have an inequality 


N(f) > N(f). (7) 
By noticing that because of (2) 


N(f) = (1— w)N (go) + u(y), 
N (f) = (1- WN“ (go) + un (y), 


the inequality (7) can be written 
u[N(y) — N“ (¢)] > (1— u) [N“ (0) — N(yo)] . 
As 0<u< 1, this inequality gives, because of (6), 
N“)(g) < N(y). 


The quadratic form y being positive, there exist only a limited number of different systems (5) verifying 
this inequality. Besides, there exist only a limited number of domains of forms belonging to the set (A) which 
are characterised by the same systems (5). One concludes this that the series (3) will always be terminated 
by a domain to which belong the given quadratic form yp. 

Let us notice that a quadratic form y which is interior to a domain A does not belong to any other domain 
of the set (A), since the primitive parallelohedron corresponding to the quadratic form y will belong to the 
type characterised by the domain (A) and can not belong to any other type of parallelohedra. 

Suppose that a positive quadratic form ¢ is interior to a face P in a certain number of dimensions of the 
domain A. The set of all the quadratic forms belonging to the face P will be perfectly determined by a 
certain type of nonprimitive parallelohedra. One concludes that the form y can not belong to the domains 
which are contiguous through the face P. 


By effecting the various transformation of the set (A) of quadratic forms with the help of substitutions of 
integer coefficients and of the determinant which is equal to +1, one will do only the permutation of domains 
of the set (A). 
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One concludes that the set (A) of domains of forms can be divided into classes of domains composed of 
equivalent domains. 

Theorem II. The number of various classes of domains belonging to the set (A) is finite. 

Let us choose any one domain A of the set (A) and let y be a form which is interior to the domain A. 
We have seen in Number 54 that the positive quadratic form can be transformed into another equivalent 
form y’ which enjoys the property that the system (4) corresponding to the form y’ are made up of integers 


which do not exceed in numerical value 4 fixed limit. , ; 
The form y is interior to a domain A’ which is equivalent to the domain A. 


As the domain A’ is characterised by the systems of integers which do not exceed in numerical value a 
fixed limit, there exist only a limited number of identical domains in the set (A). 


With the help of the algorithm introduced in Number 96, one can successively determine all the represen- 
tatives 
A,Ai,...,Ap-1 (8) 


of different classes of domains belonging to the set (A). 

The domains obtained enjoy the same property as the domains of quadratic forms which have been studied 
in my first mémoire cited. + It results in that the domains (8) can serve in the reduction of positive quadratic 
forms. By calling reduced the positive quadratic forms which belong to the domains (8), one obtains a new 
reduction method of positive quadratic forms which is entirely analogous to a reduction method of positive 
quadratic forms introduced in the cited mémoire. 

On the nonprimitive parallelohedra corresponding to positive quadratic forms. 


Let us suppose that a positive quadratic form vy defines a primitive parallelohedron R. 

By virtue of Theorem I of Number 97, the form y belongs at least to the domain of the set (A). The form 
y can not be interior to any one domain of the set (A) because otherwise the parallelohedron R would be 
primitive. 

Therefore the form y belongs to one face of domains of the set (A). 

It results in that the coefficients of the form y verify one of many linear equations 


> > pias =0 


to rational coefficients p;; (¢ = 1,2,...,n; 7 =1,2,...,n) 

One concludes that a positive quadratic form > > aijaix; the coefficients of which present an irreducible 
basis can define only one primitive parallelohedron. 

Let us suppose that the examined form y is interior to a face P to any one number of dimensions of 
domains belonging to the set (A). 

Let us indicate by 

AG 2 A 

the domains of the set (A) which are contiguous through the face P. 

By virtue of that which has been stated in Number 97, one will have the equalities 


N(y) = N'(g) =. = N™ (y). 


One concludes that a positive quadratic form y can belong to only a finite number of domains of the set 
(A). 


Let us suppose that an infinite series of quadratic forms 


fis fay--. (1) 
is made up of forms which are interior to the domain A. Suppose that the forms of this series tend towards 
a limit ¢. 

The forms (1) define an infinite series of primitive parallelohedra 
Ri, Ro,... 


belonging to the one type characterised by the domain A which tend towards a limit R. 

One concludes that any nonprimitive parallelohedron R corresponding to a positive quadratic form y can 
be considered as a limit of primitive parallelohedra (2). 

Let us indicate by the symbol S, the number of faces in v dimensions of the nonprimitive parallelohedron 
R and by S? let us indicate the number of faces in v dimensions of primitive parallelohedron (2) (v = 
0,1,2,...,n—1). 

As the faces of the nonprimitive parallelohedron R are made up of boundaries of faces of primitive paral- 
lelohedra belonging to the series (2), one concludes that 


S,<S?. Vv =0,1,2,...,n—1) 
We have seen in Number 65 that 
So <(n+1—v)A°(m")mar, (v =0,1,2,.-.,7) 


and consequently 
Sp<(n41—v)A%%)(m")ma1, (v =0,1,2,...,n) 
Principal domain of the set (A). 
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Let us apply the general theory introduced in this mémoire to a positive quadratic form 


2 2 2 
f=najtnry+...+ na, — 21x22 — 241%3...— 2¢n-18n 


where one has admitted 


ai1=7 and aij =—1. GAi= 1,2,...,m 7 =1,2,...,n) (1) 

Let us find all the representations of the minimum of the form f in a set composed of all the systems of 
integers which are congruous to a system (11, l2,...,Jn) with respect to the modulus 2. Let us admit 

 =1, i=1,2,..., and  =0,i=A41,...,n. (A=1,2,...,n) (2) 


The problem described reduces to the study of the minimum of the form 
fli + 221, Ig + 2x2, nian In + 22n) 


in the set E composed of all the systems (a;) of integers #1, %2,...,@n. 
Let us notice that the form f, by virtue of equalities (1), can be written 


f= >oai+ SO ea). (3) 


<i 
Each form 
vi, @=1,2,...,n) (aj — 25), @=1,2,...,n;1 < 7; 7 =1,2,...,n) 
satisfied, by (2), the condition 


{ee (¢@=1,2,...,n) (4) 
(lj —ly +2(aj —2;))? >(4 -1j)?, (6=1,2,...,n5¢< 937 =1,2,...,n) 


Whatever may be the integer values of 21, 22,...,2n. It follows, by (3), that 
f(a + 201, lo + 24%2,...,In+ 2an) > f(li, le, sks In). 


For the equality 
g(a + 241, le + 2re,...,In + 2an) = v(li,le,..-,In) 
to holds, it is necessary, by (3) and (4), that one had the equalities 
(i, +2e:)? =8, 4-1 +2(ei -—2;) = (i -—4j)’. 
(@#=1,2,...,nj0< 9757 = 1,2,.-.,7) 
By virtue of (2), one obtains 


v=0 or a =-l, (G=1,2,...,n) 


therefore the form f possesses only two representations of the minimum (11, l2,...,ln) and (—l1, —l2,..., —ln) 
in the set examined. 

By attributing to the index X in the inequalities (2) the values A = 1,2...,n and by permuting the 
numbers 11, 12,...,Jn, one obtains 2” — 1 systems which characterise, by virtue of the theorem of Number 
48, the faces in n — 1 dimensions of the parallelohedron R corresponding to the positive quadratic form f. 

The parallelohedron R will be defined by 2(2” — 1) independent inequalities 

1-n+2apz, >0, 


2-(n—1)42(@e, + 0x2) 20, (hi < ke) 
An —A+1) + Wee, +... + 2K) > 0, (ki < ko <-+--< ky) 


n-L+2(te, + org +... + 0r,) > 0, (ki < ko <+++< kn) 


where ki = 1,2,...,n, ko =2,...,7,..., ky =A,...,n, kn =. 
To have more convenience in the subsequent notations, let us write 


uo =21t%2...+4n, Wi = —L1, UW = —L2,..., Un = —In (5) 
and notice that all the sums 
£&xK,; (rp, + Lhe); aticdeg +(rx, + Ekg tee. + Len ) 


are expressed by the sums 
Uhos Uhg + Uhy)+++3 Ung + Un, +--+ + Un 


n—-1 


where ho < hi < ho <---< hy_-1 and ho = 0,1,2,...,n, hi =1,2,...,,..., An-1 =n-—1, n. 
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The inequalities which define the parallelohedron R can be written 
1-n+2un, > 0, 
2-(n—1) + 2(ung + Uni) 20, (ho < Ai) (6) 
n- 1+ 2(uho + Ur, +--+ Un,_1) > 0, (ho < hi <--+ < An-1) 
where ho = 0,1,2,...,n, hi = 1,2,...,n,..., Pn-1 =n—-1,n. 


Let us find the vertices of the parallelohedron R. To this effect, let us examine a point (a,) verifying the 
equations 


n+2ui =0, 2(n—1) + 2(u2 + u2) = 0,...,2-14+2(ur tue +... +n) =0 (7) 
By virtue of (5), one obtains 
a Se a SP aaia) a ee ae) ee) a SE ee 9) (8) 
er yaa aa) ’ a) LOTS" 7 


I argue that the point obtained (a:) presents a vertex of the parallelohedron R. To demonstrate this, let 
us examine the form 


f(€1,22,---,En) + 2S ° aie 
i=1 
or, by (8), the form 


n 
f(@1, €2,..-,;%n) + Soin — 2i + 2)a;. 
i=1 


For the point (a;) determined by the equalities (8) to be a vertex of the parallelohedron R, it is necessary 
and sufficient that the inequality 


f(a1,22,.-.,2n) + > (n— 26 + 2)xi > 0 (9) 


i=1 


holds in the set EF. By noticing that 


f(w1,22,---,2n)+ > (n— 26 + 2a = 


i=l 
n 
Sei + @i) + yo [(ai — aj) +a — aati 
i=1 i<j 
one obtains the inequalities (9) because the inequalities 
aj +ai>0, (ai —a3) +ai:—2j>0, (=1,2,...,n;7 =2,3,...,n) 


take place within the set E. 
For the equality 


n 
f(a1,22,--+,2n) + > (n— 26+ 2)ai = 0 (10) 
i=1 
to hold, it is necessary and sufficient that one had the equality 
ai + 2% = 0, (x: =e) +a,— 2; =0.1=1,2,...,n;i<j;j = 2,3,...,n) 
One declares that . ; 
w= —-1, @=1,2,...,A) 2 =0.G@=A41,...,n) 
By attributing to the index \ the values \ = 0,1,2...,n one obtains n+ 1 systems verifying the equality 
(10). 
(CRT Rn Be es | Ps) or 1 Oe) Con ee Me 8 
It is thus demonstrated that the point (a;) determined by the equations (7) presents a simple vertex of 


the parallelohedron R. 
Let us introduce in our studies symbol 


(ho, hi, ho, ..-, hn) (11) 


in which the indices ho, hi, h2,...,hn present a permutation of numbers 0,1,2,...,n and let us agee to 
indicate by this symbol a point which verifies the equations 


n+ 2up, = 0, 2(n —1) +2 (ung + Uni) = 0,.-., 


(12) 
n+2 (uho + Un, +o .6; Uhy_1) = 0. 
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By virtue of the definition established of the symbol (11), the vertex (a,) of the parallelohedron R deter- 
mined by the equations (7) will be characterised by the symbol 


(1, 2,..., 7,0). 


I argue that each symbol (11) characterises a vertex of parallelohedron R. 
To demonstrate this, let us effect a transformation of the parallelohedron R with the help of a substitution 


—_ I =. # = # —_ ¥ 13 
U1 = Ung, U2 = Unys--+) Un = Un, 1) UO = Ung: (13) 
where one has admitted 
t I t Fi if, t I I 
Up =i +Xot+...+ Xn, Uy = —7,.--, Un = —Ly- 


The inequalities (6) which define the parallelohedron R will be permuted by the substitution considered, 
therefore the parallelohedron R will be transformed into itself. 

To vertex (ai) of the parallelohedron R determined by the equations (7) will be transformed, by virtue of 
(13), into a vertex of the parallelohedron R determined by the equations (12), therefore the vertex will be 
characterised by the symbol (11). 

We have demonstrated the existence of (n+ 1)! simple vertices of the parallelohedron R corresponding 
to the positive quadratic form y. As the number of vertices of any one parallelohedron corresponding to a 
positive quadratic form does not exceed a limit (n+ 1)!, by virtue of the formula (3) of Number 101, one 
concludes that the parallelohedron R does not possess vertices other than those which are characterised by 
the symbol 

(ho, hi,...,; hn) 


in which one permutes the indices 0,1, 2,..., in every possible ways. 
All the vertices of the parallelohedron R are simple, therefore the parallelohedron R is primitive. By 
noticing that the number of vertices of the parallelohedra R is expressed by the formula 
So = (nt DP = (nt DA (mM) m=1, (14) 
one concludes, by virtue of that which has been said in Number 66, that the number S, of faces in v 
dimensions of the parallelohedron R is expressed by the formula 


Sy, =(n+1—v)A™”) (m")ma1. (v= 0,1,2,...,n) 


Let us find the regulators and the characteristics of faces in n — 1 dimensions of simplexes of the set (L) 
which defines the type of primitive parallelohedra to which belongs the parallelohedron R examined. 
Any symbol (ho, h1,..., hn) defines a simplex characterised by the linear functions 


Whos Ung + Uhys-- +5 Ung +Uny +--+. + Un, - 
By virtue of (5), one will have identically 
Uno +Uny +... + Uny = 0. (15) 


Notice that n + 1 simplexes which one obtains by carrying out the circular permutations of indices 
ho, hi,..-, An 
(ho, hi,.--, An), (hi, ho, .-.,ho),---, (hn, ho,.--,hn—-1) 
are congruent. By choosing a representative among these simplexes, one will determine in this manner n! 


incongruent simplexes of the set (L). 
Let us examine two simplexes determined by two symbols 


(ho, hi, he,...,hn) and (hi,ho, he,-.-,hn) 


which differ only by a transposition of indices ho and hi. 
By virtue of the definition established, these simplexes are characterised by the functions 


[thos Uno + Unz, Uno + Un, +Ung,--- Uno + Un, +... + un,z | (16) 
and 
[try , Uh, + Ung; Uny + Uno + Uhogs +++) Uhy + Ung + 1s + Un, |- (17) 


These two simplexes differ only by the vertices which are characterised by the function uz, and up,. 
One concludes that these two simplexes are contiguous by a face in n—1 dimensions which is characterised 
by the functions 
[Ung + Uh, Uno + Uny + Uho +++, Ung + Uny +... + Un]. ([1]8) 


Let us determine the characteristic +(p;) of this face. By declaring, as that which we have done in Number 
72, 


Uro +up, = 5, UR, +uh, + Up, = ,--+; Uke +66, FUR, + up, = 6, 
one obtains, by (15), 6 = 0 and consequently 
Uho = —uh, ) Uhy =0,..-; Why = 0. (19) 


By indicating with (p;) the characteristic of the face (18) with regard to the simplex (16), one will have 
a supplementary condition 
Un, > 0 (20) 


which, added to the equalities (19), well defines the characteristic (pi). 
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Let us indicate, to make short, 
ho=i and hi=j (21) 


and suppose that i 4 0 and j #0. By virtue of equalities (5), one will have 


0 0 ) 0 
Ung = Ui = Pi, Un, = Uj = —Pj- 
By virtue of (19) and (20), one obtains 
Pr = 0, : : 
(k=1,2,.... mk #iGk 5) (22) 
p= —1,p; =1. 


One can therefore characterise the characteristic (pi) by a corresponding function 


So pi = -Ui+ 45. 


Let us suppose that 7 = 0. One will have in this case the equalities 


pitpot+...+pn=pipr=0 (k=1,2,...,n;k Fi) 


So pins = —-Xi. 


In the same way one will examine the case i = 0. One can bring together the three cases examined by 
indicating the characteristic of the face (18) by the function —x; + xj, provided that zo = 0. 

Let us find the regulator p;; of the face examined. To that effect, let us determine the number Vo, 01, ...,0n 
after the conditions 


and consequently, by (20), 


Uhy = S59 (ung +--+ ny) where yas 
A=0 


One obtains 


Vo = -1,01 = 1,02 =0,...,0n-1 = 0,0n = 1. 
By applying the formula (20) of Number 72, one finds 
2pij [(uh,, +...+uh,)- Uns | = (un,)” + (ung)? — (uno + Una)? 
— (Ung +Uny +... +Un,)” where A> 0. 


By virtue of equalities (15) and (19), this formula comes down to the one here 


pis = (Uny)” + (Ung)? — (tho + Uni)”, 


and consequently 
Pig = Ung Uh 


or, by (21) 
pi = —UiU;. (23) 


Let us suppose that 7 = 0; the formulae (5) give 
pio = Ui(a1 + ao+...+0n) = oie, + coat... + an Xi. 


By replacing in this formula 2:7; by a;;, one obtains the sought-for expression of the regulator pio 


n 


pio = > aki (i =1,2,...,n) (24) 


k=1 


By supposing that 1 4 0 and j 4 0, one will have 


Pij = — Lik; 
and consequently 
Pig = —Qij (@=1,2,...,v,t4 9,57 =1,2,...,n) (25) 
Observe that the face (18) possesses the regulator p;; and the characteristic —x; +x; in addition to values 
of indices h2,...,hn. One concludes that there exist (n — 1)! inconcruent faces of simplexes of the set (L) 


which possess the same regulator p;; and the same characteristic 
—ao +23. (6=0,1,2,...,n;¢ AF 757 =0,1,2,...,n) 
By applying the formula (I.) from Number 84, one obtains 
TY esee = LY ete a" 


i<j 
(6 =0,1,2,..., mi < 937 =1,2,...,n) 
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where one has admitted xo = 0, or differently 


n 
ET Devaes= Soest + Dealer a en) 
i=1 i<j 
(@=1,2,...,nj4 < 939 = 2,3,...,n) 


The domain A of quadratic forms corresponding to the type of primitive parallelohedra examined will be 
determined by the inequalities 


py >0 (6 =0,1,2,...,m;7 =0,1,2,...,2n) 
or differently, according to (24) and (25), by the inequalities 


n 
Yo as 0, ag 20. G1, 2c nit < 717 = 2,8) 25-59) (27) 


k=1 


The number of these inequalities is equal to ath) | thus the domain of quadratic forms defined by these 
inequalities is a simple domain. 

By attributing to the parameters pij (i = 0,1,2,...,n;7 = 0,1,2,...,n;i < 9) in the formula (26) the 
positive arbitrary values or zeros, one will determine all the quadratic forms belonging to the domain A. 

One remarkable coincidence is signalling. The domain of quadratic forms (27) has been studied in my first 
mémoire cited + where it has been called principal domain. This domain corresponds to a principal perfect 
positive quadratic form 

poattagt... ta, t+ e1to+...+¢n—12n- 
It is remarkable that the set of characteristics found 
tai, t(ri-—2;), ((@=1,2,...,n;1 < 757 = 2,3,...,n) 


coincides with the set of representations of the minimum of the principal perfect form ¢. 
Domains of quadratic forms contiguous to the principal domain. 


All the faces in a(n) — 1 dimensions of the principal domain A are equivalent. + 

It follows that all the domains of forms belonging to the set (A) which are contiguous to the principal 
domain A by the faces in n(nti) — 1 dimensions are equivalent. 

In the case n = 2 and n = 3, the set (A) of domains of quadratic forms is made up of a single class of 
domains equivalent to the principal domain. 

One concludes that in the space of 2 and of 3 dimensions there is only a single type of primitive par- 


allelohedra, provided that one does not consider as different the equivalent types which correspond to the 
equivalent domains of quadratic forms. 


Let us suppose that n > 4 and find the domain A’ which is contiguous to the principal domain A by the 
face determined with the help of the equation 


p=—ai =0. 


By applying the algorithm explained in Number 96, let us determine the incongruent convex polyhedra 
which correspond to the independent regulator p. 

We have seen in Number 104 that the regulator p = p12 corresponds to the common faces of simplexes 
defined by the symbols 


(2 he Ach tee oh) 


where ho, hs,...,hn present an arbitrary permutation of indices 0,3,4, ...,n. 
The two corresponding simplexes are characterised by the functions 


[u1, Ua + Ue, Ua + U2 + Ung, ++, Ui buat... + Ura] 


and 
[u2,W2 + U1, U2 + U1 + Uny,---,U2+uit...+4Un,]- 


By declaring 
U2 = Your + Ji(ur + U2) + Vo(ur + U2 + Ung) +... + On(u +2 +... + Una) 


where )>;,_, = 1, one obtains 


i 2etG STB te a= 0, SA, (3) 


As among the numbers obtained is found only one negative number Wo, one concludes that the two 
simplexes (1) and (2) make up a polyhedron K corresponding to the independent regulator p. 

Let us indicate by (L’) the set of simplexes which characterise the domain A’ of quadratic forms. By 
virtue of that which has been said in Number 91, the polyhedron K in the set (L’) will be made up from 
simplexes which one obtains by replacing the vertices of the simplex (1) which correspond to the positive 


{ This Journal, V. 133 


{¢ See my mémoire cited 
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values of numbers (3) by the vertex characterised by the function uz. As in the series (3) only two positive 
numbers ¥; and J, are found, one obtains two simplexes characterised by the functions 


[u1, Us, Ui + U2 + Ung, ++, U1 +e +... + Una] (4) 


and 
[ui, ui + U2,...,1 tue t...+Un,_1, U2] - (5) 


These two simplexes make up the polyhedron K and replace the two simplexes (1) and (2) in the set (L’). 

By effecting all the permutation of indices ho,..., hn, one obtains (n — 1)! incongruent convex polyhedra 
which correspond to the independent regulator p. 

By replacing in the set (L) the simplexes congruent to the simplexes (1) and (2) by the simplexes which 
are congruent to the simplexes (4) and (5), one will reconstruct the set (L) of simplexes into a set (L’) which 


characterises the domain A’. _ : favs 
Notice that the number of incongruent simplexes of the set (L’) is equal to n! also. It follows that the 


number of faces in v dimensions of primitive parallelohedra belonging to the type characterised by the 
domain of form A’ is expressed by the formula 


Sp =(nt+1—v)AeY% (Mm) mai. (v = 0,1,2,---,7) 


Let us find the regulators and the characteristic of faces in n — 1 dimensions of simplexes belonging to the 
set (L’). 

Let us examine in the first place the simplexes contiguous to a face in n — 1 dimensions which belong to 
the set (L) and to the set (L’). 

The condition necessary and sufficient for which the two simplexes characterised by the symbols 


(ho, hi, h2,..-, hn) and (hi, ho, h2,..., hn), (6) 
which are contiguous by a face in n — 1 dimensions, also belong to the set (L’), consists in so long as within 
the two series 

ho, ha, ha, . ., An, ho and hi, ho, he, Peers phn, hi 
the indices 1 and 2 are not adjacent. By declaring 
ho =i and hi =j, 
one obtains (n — 1)! — 2(n — 2)! pairs of symbols (6) which satisfy the condition assumed. 
By indicating with pi; the regulator and with +(a#; — x;) the characteristic of the face common to the 
simplexes (6) determined in the set (L), one will have for the set (L’') the same regulator 
Pig = Piss (¢=0,1,2,...,mi< 9,7 =1,2,...,n) 


and the same characteristic +(2; — #j), the regulator pi2 being excluded. The regulator obtained pj; and 
the characteristic +(#; — xj) belong to (n — 1)! — 2(n — 2)! incongruent faces in n — 1 dimensions of the set 
(L’) of simplexes. 


This declared, let us examine the regulators and the characteristics of faces of simplexes (4) and (5) which 
make up the polyhedron K in the set (L’). 

The first group of faces of the simplex (4) is composed of two faces which are opposite to the vertices ui 
and ue. The first face is characterised by the functions 


U2, U1 + U2 + Ung, +++) U1, U2,-- +, Ung: (7) 
This face belongs in the set (L) to the simplexes characterised by the symbols 
(2, 1, ho, ha,..-, hn) and (2, ho, 1,ha,..., hn). 


The second simplex also belongs to the set (L’). It follows that the simplex (4) is contiguous to the simplex 
(2, ho, 1,hs,...,hn) by the face (7). 
Let us declare hy = i where 7 = 0,3,...,n and indicate by pj; the regulator and by +(a#1 — zi) the 
characteristic of the face (7) in the set (L’). By applying the formula (8) of Number 93, one obtains 
pa =patp. =0,3,...,n) 


In the same manner, one will examine the regulators of the face of the simplex (4) which is opposite to 
the vertex u2. By putting ho = 7, one will have 


pin = pin +p. (i= 0,3,...,N) (9) 


Examine the first group of faces of the simplex (5). This group is made up of two faces which are opposite 
to the vertices ui and uz. The first face is characterised by the functions. 


wi t+ U2, U1 + U2 + Ungs- ++) U1 tue t+... + Un, 1) U2- 


This face belongs in the set (LZ) to the simplex (2,1,h2,...,hn) and to the simplex congruent to the 
simplex (hn, 1,h2,...,An—1,2) and which is characterised by the functions 


U2, U2 + U1, U2 + U1 + Ung,---, U2 +1 +... + Un, _1)U2 — Una: 
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This simplex also belongs to the set (L’). By putting h, =i and by applying the formula (8) of Number 
(93), one finds 
/ 
Piz = pi2tp 
The characteristic of this face will be +(x#2 — #;) (4 = 0,3,...,n). 


In the same way one will examine the face of the simplex (5) which is opposite to the vertex uz. 
One will obtain by letting hn =i 
pi = pit p 
and the characteristic will be +(21 — 2:), (¢ =0,3,...,n). 
Let us notice that the number of incongruent faces, belonging to the first group of simplexes of the set 
(L’), which possess the regulator determined by the formula (8) or by the formula (9), is equal to 2(n — 2)!. 


The second group of faces in n — 1 dimensions of the simplex (4) is composed of n — 2 faces which are 
opposite to the vertices 


Ui + U2 + Ung, U1 + U2 + Ung + Ungs---) U1 + U2 +---,Un,_1- 


Let us examine a face which is opposite to the vertex ui + ue +...+ Un, (Kk = 2,3,...,n—1). 
A transposition of indices h, and hy,41 in the symbol (*) leads to the symbol 


[ui, U2,..., U4 + U2 tee Un, 1 Ung yy UI + U2 +e + Unga TF Ung 
tees Ur $2 +... + Un, | 


which defines a simplex belonging to the set (L’) and which is contiguous to the simplex (4) by the face in 
n — 1 dimensions examined. 

Let us write hy = i,hn41 = j and indicate by pj; the corresponding regulator. The corresponding 
characteristic will be determined by the equations 


0 0 0 0 0 
uy = 0,2 =0,...,ur tugt+...+ up, _, =0, 
0 0 0 0 0 0 
Uy + Ug +--+ Ung, = 0,Ur + ust... +Un, = 9. 


One obtains 
uy = —u; and up =0. (r=0,1,2,...,n;7 fis F j) 


It follows that the characteristic will be represented by the function +(x; — 2;). 
By declaring 


U1 + U2 +... + Ung _y + Ung, = Vor + ius + Vo(ui + U2 + Ung) +--- 


(10) 
+ Ug (ua + Ug +... + Ury_y + ny) +--+ Un (ui +u2 +... + Un,) 
where )>"_, J, = 1, one obtains 
Vo = 0,01 = 0, tee ,Ue—2 = 0, Ve-1 = 1,0% = 1,0¢41 = 1, Vez = 0, 
..,0n =0, 
provided that k > 2. 
The regulator p;; will be determined by the formula 
Qpig =(u1 + U2 +... + Ung a + Une g)” — (ua tue t.. + Unga)? + 
(ur +2 +...+ur,)? — (ur $2 to. + Ung) 
After the reductions, one finds 
Pig = Ung Uhegi 
or differently 
Pig = Wis, 
thus, by virtue of the formula (23) of Number 104, one will have 
Pig = pig. (1 = 0,3,..., 057 = 0,3,..., mk =3,4,...,n—-1) (11) 


Let us examine the case k = 2. The equality (10) gives in this case 
Vo = 1,01 = 1, 02 = -1, 03 = 1,04 =0,...,0n-1 = 0,02 = —1, 


and consequently 
2pij =(ur + U2 + Ung) — Uy — Uy + (ui + U2 + Ung)? 


— (ui +2 + Ung + Ung)” + (ur +2 +... 4+ Un, ). 
AS Ung = 4, Ung = J and ui tu2+...+ Uz, = 0, one obtains 
Pig => U1U2 — UiU;, 
thus one will have in the case examined 


Pig = Pij — p- (i = 0,3,...,m 7 =0,3,...,n) (12) 
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In the same way, one will examine the faces of the simplex (5) belonging to the second group and one will 
obtain the same formulae (11) and (12). 

Let us notice that the number of incongruent faces of simplexes of the set (L’) which belong to the second 
group and the regulator of which is determined by the formula (11) is equal to (n — 3)!2(n —3). The number 
of regulators which are determined by the formula (12) is equal to 2(n — 3)!. 
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The third group of faces of simplexes (4) and (5) is composed of a single face 
[ui, ua, Ww + U2 + Ung: +++, U1 + U2 +...+4n,_1] 


which is common to these two simplexes. 
The characteristic of this face is determined by the equations 


0 0 0 0 0 0 0 0 
uy = 6,U2 = 6,U; + U2 + Un, = 4,..-,U; +Uo +... + Un, , =). 


It results in that 


uy = Uz = 6, up = —5, Ua, = 0,---, 4h, = 04h, = 6. 
One concludes that 6 = +1. By admitting 
ho =t and hyn =j, 


one obtains the characteristic £(v1 + v2 — 4; — xj). 
Let us indicate the corresponding regulator by p;;. with the help of equalities 


ut uz =VJour + Viue + Vo(ur + U2 + Ung) +... 


n 
+ Un(u1 + u2+...+Ur,) where Soo =1, 
k=1 
one obtains 
Yo =1, 01, = 1,02 =0,...,0n-1 =0,0n = —1. 


The regulator p;; will be determined by the formula 


pig = (ur + ue)? — up — ua — (ur tue t+... +n), 
and it becomes 
Pi = Uva, 
thus ; 
pis =—p- G=0,3,...,n57 =0,3,...,n) 


The number of incongruent faces belonging to the third group having the characteristic +(#1+%2—2i—2;) 
is equal to 2(n — 3)!. 
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With the help of deduced formulae, one can determine all the independent regulators. Let us admit 


Piz = —P; Pir = pil +p, pin = pi2+ p, pig = piy- (13) 
(4=0,3,...,nj4 < 9;7 =3,...,n) 


One obtains in this manner Bini) independent regulators pj; (i = 0,1,2,...,n;1< j3j =1,2,...,n). 


The results of our studies can be gathered in the following table: 


1. Regulator pj, characteristic +(a1+22—a;—2;), their number 2(n—3)! 
2. Regulator pj, characteristic +(#1—<2i), their number 2(n—2)! 
3. Regulator pj, _— characteristic +(x2—2i), their number 2(n—2)! 
4. Regulator pj;+p 2, characteristic +(#1—<2i), their number (n—1)!—2(n—2)! 
5. Regulator pjz + pi, characteristic +(#2—<2i), their number (n—1)!—2(n—2)! 
6. Regulator pj;, characteristic £(xi—2;), their number (n—1)!—2(n—3)! 
7. Regulator pj;+pi2, characteristic +(a;—2;), their number 2(n—3)! 
The indices i and 7 are the values 0,3,..., and one has admitted xo = 0. 


The domain A’ of quadratic forms corresponding to the set (L’) of simplexes is determined by ant) 


independent inequalities 
piz 2 0. (= 0,1,2,...,m7=0,1,2,...,m 749) 


As a result, the domain A’ is simple. 
By applying the formula (I) of Number 84, one will determine, by (13), any quadratic form )> > aijxia; 


by the following formula 
S- So aijvia; = wy (wi — 25)" + paw, (14) 


i<j 
(4=0,1,2,...,n;7 =1,2,...,n) 
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where one has admitted xo = 0 and 


w = (n—2)at + (n—2)a5+203 +... + Qe? + 2e1a2 + Qriaeg —... 


201% — 24203 —... — 2t2kn- 


By attributing to the independent parameters pj; (i = 0,1,2,...,n; 7 =0,1,2,...,n) all the positive values 
or null, one will determine by the formula (14) all the quadratic forms belonging to the domain A’. 


One coincidence is to be pointed out: the domain A’ presents a part of the domain R, corresponding to 
the perfect form y, which has been determined in my mémoire cited. The set composed of linear forms 


t(aj-—a2j) (@=0,1,2,...,n;7 =0,1,2,...,n) 
(the form +(21 — 22) being excluded) and of forms 
(m1 +a2—-—ai-—2;) (§=0,3,...,n57 =0,3,...,n) 


where one has put xo = 0, coincides with the linear forms which define all the representations of the minimum 
of the perfect form 1. 
Parallelohedra in two dimensions 


The set (A) of domains of binary quadratic forms is composed of a single class of domains which are 
equivalent to the principal domain A determined by the inequalities 


at+b>0, -b>0, c+b>0. 


Here are the conditions of reduction of binary positive quadratic forms ax? + 2bry + cy” due to Selling. + 
Any quadratic form belonging to the principal domain A can be determined by the equalities 


ax” + Qbey + cy? = Ax? + py? +v(a —y)? where A>0, w>0, v>0. 


The parameters ,: and v present the regulators of the hexagon of Lejeune Dirichlet { defined by the 
inequalities 


1 1 
—_A ty) <a< gat); 
1 1 
—gletv) SS s+»), 


1 1 
gO tH) Setys 5AtH); 


By attributing to the arbitrary parameters X, py, v the positive values, one will determine by these inequal- 
ities a primitive parallelohedron in two dimensions, that is to say a hexagon of Lejeune Dirichlet. 
By nullifying one of the parameters X, u,v, for example v, one will obtain four independent inequalities. 


1 1 


1 1 
Soy << Re es 
gh SYS gh 


which define a nonprimitive parallelohedron in two dimensions, it is a parallelogram. 
It is easy to demonstrate that other nonprimitives of the space in two dimensions do not exist. 
Each hexagon of Lejeune Dirichlet can be constructed from three parallelograms as is indicated in Fig. 1. 
Fig. 1 


One of the three parallelograms OADB, OBEC and OCF A which form the hexagon ADBECF can be 
arbitrarily chosen. By choosing, for example, an arbitrary parallelogram OADB, one will determine the two 
remaining parellograms OBEC and OCF A by taking an arbitrary vector OC, provided that by extending 
this vector in the inverse direction one passes through the chosen parallelogram OADB. 

Observe that in general the point O does not present the centre of the hexagon ADBECF. 

One can make up the same hexagon of three parallelograms O' DBE, O’ ECF and O’ FAD. One concludes 
that the hexagon of Lejeune Dirichlet does not present anything other than projection of a parallelepiped 
on the plane. 

Parallelohedra in three dimensions 


ft See the Introduction 
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The set (A) of domains of ternary quadratic forms is composed of a single class of domains equivalent to 
the principal domain A determined by the inequalities 


a+b'+0" >0,a'+6"+6>0,a"+64+0' >0,-b>0,-' >0,-b" > 0. 


Here are the conditions of reduction of ternary positive quadratic forms ax? +a’y? +a" z? + 2byz + 20! za + 
2b" xy due to Selling. 
Any ternary quadratic form belonging to the principal domain A can be determined by the equalities 


ax’ +a'y? +a" 2? + 2byz + 2b za + 2b" ey = 
Ne Ny? NS ily — 2) + pe — 2) Fe 4). 


All the primitive parallelohedra in three dimensions can be transformed with the help of linear substitutions 
into primitive parallelohedra determined by 14 independent inequalities 


(1’) —sA+n +2") Sas sA+n +n"), (1), 
(2') 3(N +" +p) Sas 5(V +" +4), (2'), 
(3') 5A" +u+u) <2< 5A" tut yp), (3'), 
(4’) —4(' + x! of ie pu") < yte < a (A x! pw! uw’), (4), (2) 
(5’) 3 (An t A+ pr + 1) S2+aKC $ (An +Atpn +p), (5), 
(6’) sAtAM+utH) <Setys FAtA+ut+H), (6), 
(7/) —LA4NM 4X") <etytes FAFN 44%), (7) 


The parameter A, Ay, Av, L, [7,4 present the independent regulators of the primitive parallelohedron de- 
fined by these inequalities and corresponding to a ternary positive quadratic form (1). 

By virtue of the formula (14) of Number 103, any primitive parallelohedron of the space in three dimensions 
possesses 24 vertices which can be characterised by three numbers corresponding to the different faces in 
two dimensions of the parallelohedron defined by the inequalities (2). 


One will divide these (24) vertices into three groups I, II and III: 


Each line of this table is composed of four congruent vertices. In each group the second line is formed 
from vertices opposite to those which are found in the first line. 


Let us examine the regulators and the characteristics of edges of the primitive parallelohedron in three 
dimensions. It suffices to examine the regulators and the characteristics of faces in two dimensions belonging 
to three simplexes 


(0, 1, 6,7), (0, 1,7, 5), (0, 1, 3’, 6). 


The results of these studies can be brought together in the following table: 


The first line contains the characteristics and the regulators of different faces of the corresponding sim- 
plexes. The second line is composed of vertices which define the simplexes contiguous to the corresponding 
simplex by the faces the characteristics of which are found above, in the first line. 


The faces of primitive parallelohedron R in three dimensions (Fig. 2) are divided into 8 hexagons of 
Lejeune Dirichlet and into 6 parallelograms. 


Fig. 2 
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The hexagonal faces of the primitive parallelohedron R are characterised by the numbers 
ee ee ae 


The parallelogrammatic faces are characterised by the numbers 


4, 5,6, 4',5', 6’. 
The faces, the edges and the vertices of the primitive parallelohedron are systematically characterised in 
Fig. 3. 
Fig. 3 

6 1 
3 7 5 6 
4 ae a 2 

2’ 4 

3) 4 6 |3 
7 3 2 


One has indicated in this figure the numbers of faces which are contiguous to one of 7 incongruent faces. 


Each edge is characterised by two adjacent numbers and each vertex by three numbers. 
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By nullifying one or more parameters A,X’, ”,u,u'," in the inequalities (2), one will determine the 
nonprimitive parallelohedra in three dimensions. It is easy to see that the nonprimitive parallelohedra 
obtained are divided into four different spaces. (Fig. 4-7) 


Fig. 4 Fig. 5 Fig. 6 Fig. 7 


Nonprimitive parallelohedra of the 1°* space. By making p = 0, p’ = 0,” =0 in the inequalities (2), one 
will obtain 6 independent inequalities 


-3A <a< 3A, 
—4XN <y < aN’, 
oN < Zz < sr", 


which define a parallelepiped (Fig. 4). 
Nonprimirive parallelohedra of the 2"¢ 


obtain 8 independent inequalities 


space. By making p’ = 0,” = 0 in the inequalities (2), one will 


| 

be 
~ 
8 

ma 


3A; 
3(N' + p), 
“04H S25 ZO" +H), 
—E(N +N") <yte< F(N 4+"), 
which define a prism with hexagonal base (Fig. 5). 
Nonprimirive parallelohedra of the 3°¢ space. By making \” = 0, wy” = 0 in the inequalities (2), one will 


obtain 12 independent inequalities 


Ph.D. Thesis, UMIST. 


—h(A+4') <a< 
—3(V' +4) <y< 
lin+y) mie ae 
—3’ +H) <ytz< 
—A+p) <z+a< 


—$(A+N) <at+yt+z< 


which define a parallelogrammatic 


dodecahedron (Fig. 6). 
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Nonprimirive parallelohedra of the 4°” space. By making p” = 0 in the inequalities (2), one will obtain 12 


independent inequalities 


—h(0\+4') <2'< 

—3 (0 +p) <y< 

—30" +pt+p') <z< 
—E(VN +N +y')  <Syted 
RA" +A4+p)  <ztaK< 
—hAFN 4A") <aetyt2< 


s+), 

1a 
3(A +put+p), 
g(X +X" +p’), 
3(\" +A 4+ p), 
S(A+XN +2"), 


which define a dodecahedron in 4 hexagonal faces and in 8 parallelogrammatic face (Fig. 7). Mr. Fedorow 
has demonstrated that other parallelohedra in three dimensions do not exist. 
Parallelohedra in four dimensions 
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The first type of primitive parallelohedra in four dimensions is characterised by the principal domain A 
of quaternary quadratic forms which is determined by the independent inequalities 


At = 411 +412 + 413 + G14 > 0, 
A3 = a31 + a32 + a33 + a34 > 0, 
pa = —a12 > 0, 
fla = —€23 > 0, 


Any quaternary quadratic form 


A2 = a21 
Aa = Gai 
2 = —413 = 0, 
bs = —an4 > 0, 


f(€1, £2, €3, £4) 


+ doo +023 + ao4 > 0, 
+ @a2 + d43 + Gaa > 0, 
p3 = —a14 > 0, 
be = —az4 > 0. 


belonging to the domain A can be determined by the equalities 


f(a1,@2,€3, £4) = Arey + Avwd + Azaz + Aswad + p(w — 2)? + 


p2(a1 — @3)” + ps(a1 — £4)” + pea(a2 — 23) + 


ps(a2 — 4)” + po(x3 — x4)”. 


(1) 


The corresponding parallelohedron is determined by 30 inequalities which one will write down in the form 


1 
A(hai + lore + lsx3 t+ laxa) < gf la Io, U3, la). 


The systems +(l1, l2, 13,14) and the corresponding values 


Ge Io, 1s, Ia) 


of the quadratic form (1) are given in the following table: 


~ 
e 
~ 
~ 

ew 
~ 


OONKOMTMRWNHHA 


2 
100 0 
0200 
0010 
0001 
1100 
1010 
1001 
0110 
0101 
0011 
1110 
Pde Ord 
1011 
0111 
Tiidl 


(2) 


I** type of parallelohedra 


li, lo, Ig, la 

Ai + pi + po + ps 

A2 + pi + pa + ps 

A3 + pe + ba + pe 

Aa + pa + ps + pe 
Ai +A + po + ps + pa + ps 
Air +A3 + pr + 3 + pa + po 
Ai + Aq t+ pu + po + ps + pe 
A2 + Az + pi + fe + ps + pe 
A2 + Aa + pa + pa + ba + He 
A3 + Ag t+ po + ps + pa + ps 
Ai + Ao + A3 + ps + ps + pe 
Ar + A2 + Aa + po + pa + pe) 
Ai + A3 + Aa + pa + pla + ps 
Ai + A3 + Aa + pa + pe + ps 

Xr xr Xr v4 


By attributing to the parameters 


Ai, DQ, ey Le 


—h —le —l3 —l 
0] 1 


the arbitrary positive values, one will determine with the help of inequalities (2) all the primitive parallelo- 


hedra of the first type. 


q See the Introduction 
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The primitive parallelohedra of the first type possess 120 vertices which can be divided into 12 groups 
composed of congruent vertices and of opposite vertices. 
All these vertices are put together in the following table: 


Vertices of primitive parallelohedron of 1°* type 


yjio Hb |b 28 14]275°3 10/8 3 114 |14 10 4 15 

V5’ 11’ 15’}1 28’ 4’ 12 5 3’ 10/8 3 11 4 114 10 4 15 

I 15 3’ 10'}1'2 6 13’]/2' 5’ 11’ 15/6 113 4 113 15 4 10 
Y5’3 10)1 2'6 13 4/2 5 11 15/6’ 11’ 3’ 4 |13' 15’ 4’ 10’ 

Il 16114 /’3 8 7 |3'6'2 13'/8 2’ 11'15'|/7 13 15 4 


Ye il’4 138 7 13 6 2 13/8 2 11 15 ]7 13 15’ 4’ 
IV 1713 15/14 10 14/4’ 7'3 8 |10' 3’ 132 |14’ 8 2' 185’ 
1’ 7' 13’ 15] 1 4’ 10’ 14/4 7 3’ 8 110 3 13 2’ {14 8 2 15 
15 1215/29 14/2'5'4 10/9’ 4’ 12'3 |14' 10’ 3’ 15’ 
V5’ 12’ 15'}1 2’ 9’ 1471/2 5 4’ 10'/9 4 12 3’ 114 10 3 15 

VI 15 4’ 10'}1'2 7 13']2' 5’ 12’ 15'|7 12 4 3’ 113 15 3° 10 
Ys 4 10]1 27 13/2 5 12 15 |7 12’ 4’ 3/13’ 15’ 3’ 10’ 
17123’ |’49 6 {4’7'2 13'/9' 2’ 12'15'|6 13 15 3 
7'123 1/149 6 147 2’ 13/9 2 12 15 |6’ 13’ 15’ 3’ 
VII 16 13 15/13 10 14 /3'6'4 9 |10' 4’ 13'2 |14'9’ 2' 18’ 
1’ 6’ 13’ 15} 1 3’ 10’ 14"/3 6 4’ 9’ 110 4 13 2’ {149 2 15 
151147 11728 7 |2'5'3 12'/8' 3’ 11'15’'|7 12 15 4 
Vsyiv4 j1 28 7 125 3’ 12)8 3 11:15 ]7 12’ 15’ 4’ 
15 12 3’ |129 6 |2'5'4 11'\9' 4’ 12’15’|6 11 15 3 
V5’ 1273 «11 :2'9' 6 125 4’ 11'/9 4 12 15 |6' 11’ 15’ 3’ 
XI 1611 15/138 14/3'6'2 9 |8 2’ 11'4 |14'9’ 4’ 15’ 
1 6’ 11’ 15'}1 3’ 8’ 14713 6 2’ 9 |8 2 114 1149 4 15 
17 1215/1749 141]4'7'2 8 |9' 2 12'3 |14'8' 3’ 15’ 
V7 12 15'}1 4’ 9’ 14’|4 7 2’ 8 |9 2 12 3’ {14 8 3 15 


Vv 


XII 


Regulators and characteristics corresponding to the I** type of parallelohedra. 
y y 


0151115 


153’ 10’ 


16114! 


171315 


151215 


154’ 10’ 


17123’ 


161315 


15114’ 


15 123' 


161115 


0171215 


In this table, the first line of each group contains the characteristics of faces in three dimensions corre- 
sponding to the simplexes I, IJ,..., XII 

The second line contains the vertices of simplexes which are contiguous to the simplexes I, JI,..., XII by 
the faces, the characteristic of which are indicated above in the first line, and the regulators are indicated 


near by in the second line. 
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Let us examine the parallelohedra in four dimensions which belong to the second type of primitive par- 
allelohedra defined by the domain A’ of quaternary quadratic forms. The domain A’ is contiguous to the 
principal domain A by the face in a dimensions defined by the equation 

pa = 0. 
The independent regulator 41 corresponds to the faces of simplexes 


PoE VIA Xx, 


All these simplexes have to be reconstructed with the help of the algorithm explained in Number 91. 
One will determine the numbers Vo, 01, 02,03, U4 after the conditions 


(2) = 81 (1) + 82(5) + J3(11) + J4(15) and J1+02+034+ 04 = 1; 


it becomes 
Vo =1, 01 = —-1, V2 = 1, V3 = 0, V4 = 0. 
It follows that one will replace the three pairs of simplexes 
(0,1, 5, 11, 15) and (0, 2,5, 11, 15), 
(0,1, 5, 12, 15) and (0,2, 5, 12, 15), 
(0,1, 5, 11, 4") and (0, 2,5, 11, 4’) 


by the simplexes 


(0,1,5,11,15) and (0,1, 2,11, 15), 
(2,1, 5, 12,15) and (0,1, 2,12, 15), (3) 
(2,1,5,11,4’) and (0,1,2,11,4’). 

By designating the system (1, —1,0,0) by the symbol (5) and the system (—1,1,0,0) by the symbol (5’) 


one will designate 
I - (0, 5, 1, 6, 13), 
VI- 0,1 14) 2,12 , 15), 


II — (0,1,2,11,15), V- 
IX - (0, 5, 1, 6, 9"), 


These simplexes are congruent to the new simplexes (3). 


The primitive parallelohedra of the II"¢ type possess 120 vertices which are brought together in the 
following table: 
Vertices of the primitive parallelohedron of II" type 
Vertices of primitive parallelohedron of I*' type 


1|1 > 6 13 }1 2.3 10/2 5 8 14/3 86 4 |10 14 4 #13 
15’ 6’ 13/1 2 3’ 10'/2’'5 814/33 8 6 4 |10 144 13 
I 12 1115/1’ 5'8 14]5 2’6 13/8’ 6'11'4 |14' 13’ 4’ 15’ 
V2’ 11 15']1 5 8’ 14’]/5’2 6 13'/8 6 11 4 {14 13 4 15 
1611 4 |1'3 8 7 |3'6 2 13’]8 2’ 11'15'|7 13 15 4 
as 614 |1 3'8’ 7 13 6 213 }8 2 11 15 ]7 13’ 15’ 4’ 
IV 17 13 15/1’ 4 10 14 ]4’ 773 8 |10' 3'13'2 |14’ 8’ 2’ 15’ 
V7 13’ 15'}1 4’ 10’ 14’) 4 7 3’ 8’ |10 3 13 2’ {14 8 2 15 
V 157 13/1 2'4 10 |2 5'9 14/4’ 9'7 3 |10' 14’ 3’ 13’ 
V5’ 7 13’]1 2 4’ 10'/2'5 9 14’|4 9 7 38 {10 14 3 «13 
VI 1212 15/1'5'9 14]5 2’'7 13/9’ 7'12'3 |14’ 13’ 3’ 15’ 
1’ 2’ 12'15']1 5 9’ 14’]/5’2 7 13'19 7 12 3’ |14 13 3 «15 
17 12 3’ |1'49 6 |4’ 72 13'|9' 2’ 12’ 15'|6 13 15 3 
a V7’ 12'3 |14'9' 6 |4 7 2°13 }9 2 12 15 |6’ 13° 15’ 3’ 
VII 16 13 15 /1’'3 10 14 |3’ 6’ 4 9 |10'4'13'2 |14’9’ 2’ 15’ 
1’ 6’ 13’ 15’ }1 3' 10’ 14'|3 6 49’ |10 4 13 2’ {149 2 15 
Ix 156 9 |1'2'3 12')2 58 7' 13’ 86 15']12 7 15 9 
Y5’6’ 9 {1 2 3’ 12 /2'5 87 13 8 6 15 412'7' 15’ 9’ 
x 12114’ |V’5'8 7 |5 269 |8 6 11'15'}7 9 15 4 
Y2'1’4 4158 7 15'2 69 18 611 15/7 9 15'4’ 
Se eee er ee abe aires 
V6 11 15 }1 3'8 
XI 171215/1'49 14/4 72 8 |9' 2'12'3 |14'8’ 3’ 15’ 
V7’ 12'15']1 4'9’ 14|/4 7 28’ 19 2 12 3’ |14 8 3 «15 


Regulators and characteristic corresponding to the II”¢-type of parallelohedra 
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121115 


16114’ 


171315 
157 13 
121215 


17 12 3' 


161315 
156 9 
12114’ 


161115 


171215 


The domain A’ of quaternary quadratic forms which define the second type of primitive parallelohedra in 
four dimensions is determined by 10 independent inequalities 


Ar > 0,A2 > 0,A3 > 0,A4 > 0, 
H1 2 0, po > 0, pa > 0, pa > 0, ps > 0, oe > 0. 


Any quaternary quadratic form belonging to the domain A’ can be written 


f(w1,v2, 03, €4) = Aw] + Avwe + Agang + Agwg + iw + po(w1 — 23)? + 
p3(v1 — ga)” + pra(t2 — @3)° + pos (x2 — ta)? + pe (a3 — ta) 


where 


w = Qxi + 2x5 + 203 + 2x4 + Qe1a2 — 2x173 — Qeix4 — 2x2x3 — 2x24. (4) 


The parallelohedra belonging to the II"¢ type are determined by 30 inequalities of form (2) which are 
symbolically presented in the following table: 
II"*-type of parallelohedra 


PA dh Bi taf f hats, a) —_ fh “he hg “ha | 
Ai + 2p + po + ps 
A2 + Qy14 pa + ps 
Ag + 2p + po + fat pe 
Aa + 2p1 + ps + fs + pe 
Ai + Ag + 2p + fe + pg + fa + ps 
Ai + Ag + 2p + pg + pa + Yo 
Ai + Aa t+ 2p + pe + ps + pe 
Ag + Ag + 2p + po + ps + pe 
A2 + Ag + 2p + ps + fa + Ho 
A3 + Aa + 41 + po + pa + fa + ps 
Ai + A2 + A3 + 4p + pos + fs + Be 
Ar + A2+ Aa + Ayer + poo + pea + pe 
Ay + A383 + Aa + 2p + pa + ps 
Ao + Ag + Ag + 21 + 2 + ps3 
Air +A2+A3 + Ag t+ 2p 


NO 
wo 


0 
1 
0 
0 
a 
0 
0 
1 
1 
0 
1 
1 
0 
1 
1 


PRE REPORHOROGOrFOCSO)s 


1 
0 
0 
0 
1 
1 
1 
0 
0 
0 
1 
1 
1 
0 
1 


PREEPOREROROHOOHOSO 
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Let us find the domain A” of quaternary quadratic forms which is contiguous to the domain A’ by the 
face in 9 dimensions defined by the equation 
po = 0. 
The independent regulator 6 corresponds to the faces of simplexes 
I, IV, V, VIII. 


All these simplexes have to be reconstructed after the algorithm explained in Number 91. One will 
determine, to this effect, the number 
Vo, V1, V2, 03, Va 


after the condition 
01 (1) + 82(5) + Y3(6) + 04(13) and 39 +014 02403 4+ 04; (5) 


it becomes 


Vo =0, V1 =1, V2 =0, VZ3=—-1, Vg = 1. 
One concludes that the two pairs of simplexes 
(0,1,5,6,13) and (0,1,5,7,13) and 
(0,1, 7, 13,15) and (0,1,6, 13, 15) 
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have to be replaced by the new simplexes 


I - (0,7,5,6,13) and V — (0,1,5,6,7) 


IV -(0,6,7,13,15) and VIII — (0,1,7,6, 15). 


By designating the system (0,0, 1,—1) by the symbol (10) and the system (0, 0, —1,1) by the symbol (10’) 
one will determine all the vertices of primitive parallelohedra belonging to the new type as follows. 


Vertices of primitive parallelohedron of III"4-type. 


I 


II 


III 


IV 


Vv 


VI 


VIII 


XI 


XII 


75 
7’ 5 
1 2 
1’ 2’ 
1 6 
1’ 6 
6 7 
6’ 7 
15 
1’ 5 
1 2 
1’ 2’ 
17 


6 


12 


6 1315 


Et 
7 
15 
1’ 5 
1 2 
1’ 2’ 
1 6 
1’ 6 
17 
7 


12’ 


611 4’ 


671315 


1 


13 
13’ 
15 
15’ 
4! 
4 
15 


15’ 


79 
79 
1’ 5’ 
15 
1’ 3 
1 3’ 
6’ 10’ 
6 10 
1 2 
1 2 
1’ 5’ 
1 5 
4 
17’ 
14 
1 4’ 
1 2 
12 
1’ 5’ 
15 
1’ 3 
1 3’ 
4 
1 4’ 


10 
10’ 
8 
3’ 


3 
3! 
14 


14’ 


9 578 
9 5 8’ 


4 7 2 


The independent regulators are expressed by the formulae 


10’ 8’ 
10 8 
8’ 6 
8 6 


g 2! 


6 4 
6 4! 
11 4 
11 4 
11! 15’ 
15 


11 15 
11’ 4 
11 4’ 
12’ 3 
12 3’ 


37 14 4 
3 144 
14’ 13’ 4’ 
14 13 4 
7 13 
7 13! 
g 8’ 2! 
9 8 2 
4’ g! 
4 9 
14’ 13’ 3! 
14 13 3 
g 2! 
6’ 13! 
14’ 8’ g! 
148 9 
12 7 
12! 7' 
7 9 
7 g! 
14’ 9! 
1449 4 
14’ 8’ 3! 
14 8 3 


Koyo 
+ us o2 
= 


oe 


a 
0 
3 


Me 
CB oO 


Ai = @11 +413 + G14 + G34, A2 = G22 + G23 + Goa + 34, A3 = G31 + A32 + a33 + G34, 


Aa = Ga1 + G42 + G43 + Qaa, 1 = Q12 


ps3 = 


434, p2 = 


a13 


a12, 


aia 


Q12, fa = 


a23 


Q12, 5 = 


a24 


Q12, Me = 434. 


459 


460 
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The domain A” of quaternary quadratic forms which defines the third type of primitive parallelohedra in 
four dimensions is determined by 10 independent inequalities 


dG SOA SU aS SO 
Hi > 0,2 2 0, ws 2 0, pa > 0, os > 0, po = 0. 
Each quaternary quadratic form belonging to the domain A” can be written 


2 2 2 2 2 
f (1, 22,23, 04) = A1zq + AQxZ + AZHZ + Aawg + Miw + p2(z1 — £3) 


+ yg (@1 — @4)? + pa(ee — £3)? + ys(a2 — 24)” + pe(a1 + 22 — 23 — 24)", 


the form w being defined by the equality (4). The parallelohedra belonging to the III"? type are determined 
by 30 inequalities of the form (2) which are symbolically presented in the following table: 
IlI"¢ type of parallelohedra 


~ 
~ 
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3 
0 
0 
1 
0 
0 
1 
0 
1 
0 
1 
1 
0 
1 
1 
I. 


~ 
fs 


Ar + 2u1 + po + ps + pe 
A2 + Qi + pa + pos + pe 
As + Qui + po + pa + pe 
Aa + Qui + ps + ps + pe 
Ai + A2 + 2p + po + ps3 + a + ps 
Ar + As + 2p + ps + pa 
Ar + Aq + Qui + poo + ps 
rA2 + As + Qui + po + ps 
rA2 + Ad + Qn + ps + pa 
As + Ag t+ 4p + fo + pa + fa + fs 
Ar + A2 + A3 + 41 + pa + fs + He 
Ar + A2 + Aa + 41 + 2 + pa + pe) 
At +A3 + Aa + 21 + pa + pos + pe) 
A2 +Az3 + Aa + 2p + po + ps + pe 
Ai_+ Az + Az + Aq + 2 


2 
0 
1 
0 
0 
1 
0 
0 
1 
1 
0 
dl 
1 
0 
1 
1 
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1 
1 
0 
0 
0 
1 
1 
1 
0 
0 
0 
1 
1 
1 
0 
1 


BPRERERORROROOHROSO 


FPORrFPrFOCORFFOOCO 
| 

BPRORHOREOOHROOH 
| 

BPREROREFORORCOFRS 


PERE O 


We have determined three domains A, A’, A” which characterise three types of primitive parallelohedra 
in four dimensions. ; f ; ; 
Theorem. The set (A) of domains of quaternary quadratic forms is composed of three different classes 


which can be represented by the domain A, A’, A”. 

In my first mémoire cited, it has been demonstrated that the set (R) of domains of quaternary quadratic 
forms corresponding to the perfect quaternary quadratic forms is composed of two classes represented by 
the principal domain R and by a domain R, determined by the equalities 


f(v1,€2, 23, €4) = piv] + pers + psx3 t+ paxy + ps(a1 — 3)? + 
pe(r1 — wa)” + pr(a1 — a3)” + pa(x2 — wa)” + po(x3 — va) + 
pio(#1 + #2 — a3)” + pii(#1 + €2 — wa)” + pi2(w1 + a2 — #3 — 24)” 


where #1, /2,---,/12 are positive arbitrary parameters or zeros. 
The domain R, corresponds to a perfect form 


gi = ri + r5 + @3 + LA + 41%3 + 4144+ ©2%3 + L2X4 + L3La4. (5) 


In the mémoire cited, it has been demonstrated that all the faces in 9 dimensions of domain R, are 
equivalent to two faces characterised: one by the quadratic form 


1, €5, 03,4, (w1 — ws)”, (a1 — wa)”, (w2 — 23)”, (w2 — wa)”, (w3 — wa)” 
and the other by the quadratic form 
@1, ©, 03,04, (a1 — #3)”, (@1 — #4)”, (2 — #3)”, (2 — wa)”, 
(a1 +42 — 23 — 24)”. 


The first face verifies the equation 
ai2 = 0 
and the second face verifies the equation 
a12 —a34 = 0 


The form w determined by the formula (4) characterise the axis of the domain (R) which does not change 
when one transforms the domain R into itself. 

One concludes that the domain R can be partitioned into groups all of which are equivalent to the two 
domains A’ and A” obtained. This results in that the principal domain A and the two domains A’ and A” 
can not be equivalent. 

The theorem introduced _is thus demonstrated. 

By not considering as different the equivalent types of parallelohedra one can say that there are only three 
different types of primitive parallelohedra in the space in four dimensions. 

By calling reduced the positive quadratic forms which belong to the domains A, A’ and A” one obtains a 
new method of reduction of quaternary positive quadratic forms which presents a modification of the method 
due to Mr. Charve. { 


ft See the introduction 
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In effect, following the method of Mr. Charve, one calls reduced the quaternary positive quadratic forms 
belonging to one of three simple domains R, R’ and R” .The first two domain R and R’ coincide with the 
domains A and A’ and it is only the third domain R” of Mr. Charve which differs from the domain A”. 
Any form belonging to the domain A” is equivalent to a form belonging to the domain R” and vice-versa. 


By examining the two tables which contain the characteristics of faces of simplexes which define the 2"¢ 


and the 3"¢ type of primitive parallelohedra, one will observe that these characteristic coincide for the two 
types and are represented by the linear forms 
a1, tx2, $3, $04, +(v1 — 23), +(41 — v4), £(w2 — 23), (a2 — 4), +(H3 — £4), 
(x1 + t2 — #3), E(a1 + £2 — 4), +(H1 + 2 — 43 — £4). 


It is remarkable that these linear forms define the set of representations of the minimum of the perfect 
form yi determined by the equality (5). 


By virtue of that which has previously been mentioned, one can affirm that the coincidence noticed appears 
as the characteristics of faces of all the primitive parallelohedra in 2,3 and 4 dimensions. 


It would be interesting to find out whether this is only a coincidence or whether there really exists a 
relation between the two problems which seem to be different: between the problem of the uniform partition 
of the space with the help of congruent convex polyhedra and the study of perfect positive quadratic forms. 

End of the second mémoire 


[in German] 


Immediately after the first sheet of this significant work was set, we received the grievous tidings that 
your author of the science has been taken away by Death. The editor had in the best power seen to it that 
this last work of he who so early departed for the other side was checked over with utmost care. 


Marburg, 19*” June 1909 
K. Hensel 
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